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This work aims to investigate the theory of fuzzy limits of fuzzy functions in

light of Altai’s principle, and by applying the Representation Theorem (Resolution Principle)
to run fuzzy arithmetics. The novelty underlying this theory is that we can prove the convergence
of a fuzzy function to its fuzzy limit through proving the convergence of its a-cuts’ boundaries
to their limits for the membership degree 0 < a, < @y < a < 1.
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1. INTRODUCTION AND
PRELIMINARIES

The concept of fuzzy sets was introduced
by Zadeh as an extension of the classical
notion of sets [12]. The concept of the fuzzy
metric space was defined using the
continuous t-norms concept by Kramosil
and Michalek [7]. The fuzzy metric spaces
offer numerous applications in quantum
physics, particularly, in connection to both
string and £(*) theories [11]. Matloka
considered bounded and convergent
sequences of fuzzy numbers, and
investigated their properties [9]. Sequences
of fuzzy numbers were also discussed by
Nanda [10], Kwon [8], and Esi [6]. Burgin
introduced the theory of the fuzzy limits of
functions based on the theory of the fuzzy
limits of sequences. He studied and
developed the construction of fuzzy limits of
functions in a similar way to the one of the
fuzzy limits of sequences, based on the
concept of the r-limit of the function f (see
[3-4]). Altai established a novel principle to
define fuzzy metric spaces through the

families of fuzzy real numbers R, fuzzy
integer numbers Z, fuzzy rational numbers
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and fuzzy irrational numbers Q’, where

=Z U QU Q'. His principle states that if
r is a real number, then it is replaced by a

0
R

fuzzy real number 7 € R, such that if r isa
rational or an irrational number, then 7
becomes a fuzzy rational number (triangular

fuzzy number in Q) or a fuzzy irrational

number (fuzzy rational number in Q')
respectively. Additionally, if r is an integer
number, then 7 becomes a singleton fuzzy

number (fuzzy integer number in Z) (see [1]
for details). This involves adopting the
Representation ~ Theorem  (Resolution
Principle) to run the arithmetic operations
acting on the a-cuts of fuzzy numbers [5].
Moreover, Altai defined the fuzzy limit of
the convergent fuzzy sequence depending on
the same principle [2].

This study aims to introduce the theory
of fuzzy limits of fuzzy functions depending
on Altai’s principle, because it is convenient
in the study of fuzzy arithmetic [5].
Moreover, since for all a« € (0,1], the a-cut
of a fuzzy number is a closed, convex and
compact subset of R , the existence,
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uniqueness and all other basic properties of and the Resolution Principle as
the fuzzy limit of a fuzzy function can be obtained in [5].
studied, depending on the limits of all its a-
cuts’ boundaries. Representation theorem [5]. Let u,(x) be
the membership function with a fuzzy set A
For the convenience of the reader, we in X, and let A, be the a-cuts of A and
state below the Representation Theorem Xa,0e the characteristic to serve the purpose

of the fuzzy set A,, « € (0,1]. Then

Us(x) = sup (a /\)(Aa(x)),x € X.
a€(0,1]

Resolution principle [5]. Let A be a fuzzy set in X and aA,, a € (0,1] be a special fuzzy set
whose membership function is

Hang ) = (@ A xa, (), x € X.

Also, let
Ay ={a:uy(x) =a for some x€ X}

be the level set of A. Then A can be formulated as

a=|] @,

a€EAy

where U denotes the standard fuzzy union.

The essence of the Representation 2. TWO-SIDED FUZZY LIMITS
Theorem of fuzzy sets is that a fuzzy set A
in X can be represented as a union of its The definition of the fuzzy limit of a
aA, sets, a € (0,1]. The essence of the fuzzy function are introduced and its basic
Resolution Principle is that a fuzzy set A properties are considered hereafter.
can be decomposed into fuzzy sets aA,, a €
(0,1]. Thus, this theorem and the Resolution Definition 2.1 [1]. Let ? be a family of
Principle are the same coin with two sides, =
as both of them essentially tell that a fuzzy fuzzy numbers. A fuzzy function d:X x
set A in X can always be expressed in X - R is called a fuzzy metric on X if

terms of its a -cuts, without explicitly
resorting to its membership function u,(x)

(see[5]).
1. d(x,y) =0, forall x,y e?; ie,for0<a,<a; <a<1,
d; ((xl,a'xz,a): (yl,a: yz,a)) = min {d ((xl,au xz,a), (yl,ar :VZ,a'))} =0

and
d (10 %2.0) (V1,00 V2)) = max{d (X0 %20), (V10 V2.0) )} = 0.
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2. d(x,y)=0iff x=y;ie,for0<a,<a; <a <1,

dy ((xl,a'xz,a)' (3’1,a’3’2,a)) = min {d ((xl,alxz,a)' (yl,a'YZ,a))} =0
and

d, ((M,wxz,a)' ()ﬁ,w)’z,a)) = max {d ((x1,a'x2,a): (3’1,ar)’2,a))} = 0.
3. d(%,y) =d(7,%), forall LyeX iefor 0<a, <a, <a<1,

dy ((xl,a: xz,a)’ (3’1,a’J’2,a)) = min {d ((xl,a'xz,a): (YLa:yZ,a))}
= min {d ((xl,ar xz,a)' (yl,au yz,a))}

=d; ((yl,ar yz,a)r (xl,a' xz,a))’
and

d, ((xl,a» xz,a)' (yl,a' 3’2,(1)) = max {d ((xl,ar xz,a)' (YLa' yz,a))}
= max {d ((xl,ar xz,a)' (yl,a' yz,a))}

=d, ((yl,a' yz,a)r (xl,a' xz,a))-

4. d(zy) <d(®2) +dZ7), forall £,7,z€ X iefor 0<a, <ay <a <1,

d, ((xm, X)), (}’1,a:3’2,a)) = min {d ((xl,a. X2,a)s (}’1,(1'3’2,04))}
< min {d ((xlla, xz,a). (Zl,ou Zz,a))}
+ min {d ((zl_a, Zoa) Via YZ,a))}
= ) ((r.0%20), (710 72.0))

+d; ((Zl,a» Zz,a)' (yl,ou YZ,a)),
and

d; ((x1,m xZ,a)' (3’1,003’2,05)) = max {d ((xl,a' xz,a), (3’1,a,)’2,a))}
< max {d ((xl,a, xz,a), (zm, Zz,a))}
+ max {d ((zw, zz,a), (}’1,ou yz,a))}
= d; (100 %20), (2100 Z20))
+d; ((21,a:22,a)’ (}’1,(1’3’2,0())-

The pair (Y, d) is called a fuzzy metric LeEY.Iffor0<a,<a; <a<l1,the a-
space. cuts’ boundaries of f(x) converge to the

a -cuts” boundaries of L as the a -cuts’
boundaries of x approach the «a -cuts’
boundaries of p, then f(x) converges

fuzzy metric spaces. Suppose that f:E C partially to L as x — .

Theorem 2.2. Let (? p) and (? d) be
X — Y,p is a fuzzy limit point of E and
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Proof. For 0<a,<a;<a<1, let
[fl (xl,au xz,a)' f2 (xl,a; xz,a)] and

respectively, such that, for € > 0, there exist
61,0, > 0, such that

[Lia Log| be a-cuts of f(x) and L,
0<p, ((xl,ouxz,a)f (PLa'Pz,a)) < §; implies dl(fl(xl,a;xz,a)rl'i,a) <g§,
0<p,; ((xl,a'xz,a)» (pl,a»Pz,a)) < &, implies dz(fz (x1,a,x2,a): Li,a) <g,

where

dy (fl (xl,ou xz,a)' Li,a) = min{d(ﬁ (x1,a,x2,a)’ Li,a): [ = 1;2};
d, (fz (xl,a: xz,a), Li,a) = max{d(fz (x1,ou xz,a), Li,a): [ = 1’2}'

P1 ((xl,a: xz,a): (P1,a: Pz,a)) = min {P ((x1,ou x2,a)' (pl,ou Pz,a))}’
P2 ((x1,ou xz,a)» (P1,a» Pz,a)) = max {.0 ((xl,ar xz,a)' (P1,a' Pz,a))}-

If f*(xLa:xz,a) € (f1(x1,a:x2,a),f2 (xl,a'xz,a))’ then

0<py ((x1,a: xz,a), (P1,a,P2,a) < Ps« ((xl,ou xz,a), (P1,mpz,a))
<p2 ((xl,a'xz,a)' (P1,a,192,a)) <.,

which implies

dl(fl(xl,a'xz,a):l'i,a) < d*(f*(xl,a: xz,a)'L*,a) < dz(fl(xl,a'xz,a)rl'i,a) <g

by the squeeze theorem for functions, where
8. =min{8;,8,} and L., € (Lia L2a) -
That IS, the a -cut
[f1(x1,ou xz,a)’fz (xl,a'xz,a)] of f(x)
converges to the a-cut [Lyq, Ly o] Of L as
the a-cut [xy 4, X24| Of X approaches the
a-cut [Pm, pz,a] of p for 0 < a, <a; <
a < 1. By the Resolution Principle, we
obtain the result.

Corollary 2.3. Let (?p) and (?d) be

fuzzy metric spaces. Suppose that f:E C
X —Y,p is a fuzzy limit point of E and
LeY. If for all a € (0,1], the a-cuts’

boundaries of f(x) converge to the a-cuts’
boundaries of L as the a-cuts’ boundaries
of x approach the a-cuts’ boundaries of p,
then f(x) converges totally to L as x —
p.

Theorem 2.4. Let (?p) and (?d) be

fuzzy metric spaces. Suppose that f:E c
X — Y and p is a fuzzy limit point of E.
Then f(x) converges partially to L € Y as
% — 75 if and only if (iff) for 0 < a, <
a; < a <1,forall € > 0, there exists § >
0 such that

0<|| (p1 (a0 %20), (PravP2a) )2 (100 %2.0), (Prac Pz.a))) | <o
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implies (2.1)
|| (dl(f(xl,a’ xz,a)' Li,a)' dz(f(xl,a: xz,a), Li,a)) || <&

Proof. Suppose that f(x) convergesto L € Y as x — p. By Theorem 2.2, for 0 < a, < a; <
a < 1, forall € > 0, there exist §;,5, > 0 such that

0 £
0<pq ((xl,arxz,a)' (pl,a'pz,a)) < \/_15 implies d1(f1(x1,a:x2,a): Li,a) < ﬁ:
0 £
0<p; ((xl,a; xz,a)» (Pl,a» Pz,a)) < \/_% implies  d, (fz (xl,arxz,a)' Li,a) < ﬁ
Then
0< ” (P1 ((xl,ar xz,a): (P1,a» Pz,a)) » P2 ((xl,a' xz,a): (pl,arpz,a))> ” =
2 N3
<<P1 ((xl,a'xz,a): (pl,a:pz,a))> + (Pz ((xl,wxz,a)' (pl,ou pz,a))> ) <é
implies

|| (dl (fl (xl,a: xz,a)' Li,a): d, (fz (xl,a' xz,a)r Li,a)) || =
(4 (A (a0 720) 1)) + (@l (a0 v20) i) ) <6

where § = min{d,, 6,}.

[y

For the other direction, suppose, for 0 < @, < a; < a <1, (2.1) is given. Since

P1 ((xl,aw xz,a): (pl,ou Pz,a))
< || (pl ((xl,aw xz,a)' (pl,a' Pz,a)) » P2 ((xl,ou xz,a), (pl,ou Pz,a))> ||'
P2 ((x1,ou xz,a), (pl,ou Pz,a))

< (o1 (Coveo 22 (racpa)) 22 (o) (prco )|

and

dl (fl (xl,aw xz,a): Li,a) < || (dl(fl (xl,ou xz,a), Li,a)' d2 (fz (xl,a' xz,a)r Li,a)) ||'

d, (fz (xl,ou xz,a); Li,a) < ” (d1 (f1 (xl,a' xz,a)' Li,a)' d, (fz (xl,a; xz,a): Li,a)) ”
then

0<p; ((xl,a'xz,a)f (pl,oupz,a)) < 4 implies dl(fl(xl,a'xz,a); Li,a) <g,
0<p, ((xl,a'xz,a)» (P1,a’P2,a)) < & implies d, (fz(xl,a’xz,a); Li,a) <e&
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Corollary 2.5. Let ():(p) and (? d) be fuzzy metric spaces. Suppose that f:? c ):( — ? and

p is a fuzzy limit point of E. Then f(x) converges totally to L € Y as x — p iff for 0 <
a, <a; <a<1,forall € >0,thereexists § > 0 such that

0< ||(P1 ((xl,a»xz,a)' (pl,a'pZ,a))'pZ ((xl'a'xz'“)’ (PLa'Pz,a)))” <o
implies

|| (dl(f(me Xz,a), Li,a)r dz(f(xl’a, xz’a), Li,a)) || < €.

Remark 2.6. We call the convergence in Theorem 2.4 by the partial fuzzy convergence and L by
the partial fuzzy limit of f at p, and write it as

f®@)=L=P, — limf(x) (2.2)

because the limit of a-cut does not exist for 0 < a < a,. Also, we call the convergence in
Corollary 2.4 by the total fuzzy convergence and L by the total fuzzy limit of f at p and write
it as

f@) =L=T- limf (x) (2.3)

because the limits of a-cuts exist for all a € (0,1]. Moreover, if the fuzzy convergence does not
exist for all a € (0,1], we denote it by P, — limf(x).
X—-p

Examples 2.7.
1 If F@) =%+ Db,XER, then P, — limf(®) = f(B), P, — limf(X) = f(@) for a € (0,1)
X-p X-p

as b € R\Z and T — limf(x) = f(p) as b € Z because there exists § > 0 such that
X—-p

0< ”(lxl,a - Pz,al' |x2,a - pl,al)” <6

Implies
||(|f1 (xl,ou xz,a) - f2 (P1,a: pZ,a)l» |f2 (xl,a' xz,a) -fi (P1,a’ Pz,a)l)” =
”(l(xl,a + bl,a) - (Pz,a + bz,a)l» |(x2,a - Pz,a) - (pl,a + bl,a)l)” <
”(lxl,a - pZ,al' |x2,a - pl,al)” + ”(lbl,a - b2,a|' |b2,a - bl.a|)” <
0, ifEEEfor a € (0,1]or Eeﬁ\i for a=1,

8+ ||(|bra = brals [bra — bia])l, if BER \Z for a € (0,1).

2.1f F(x) =% +x—3,Xx € R, then T — limf(x) = —1 because for all « € (0,1], forall & >
x—-1
0, there exists 0 < § < 1 such that

0 < [|(Jrra = 1], Jr2e = 1D] < &
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implies

(1 (ra x20) = LAD] o (rw 22a) — AAD]]| =
1(Iy1e + %1a = 2|, [y20 + %20 — 2|)|| < V326 = &

by the Resolution Principle, where

— : 2 2 — 2 2
Y1,0( - mln{xl,a»xl,axz,a'xz,a}:yz,a - max{xl,a:xl,axz,a'xz,a}

and

|Via + %10 — 2| < |x10 — 1|x10 + 2| < (|x1a] +2)8 < 48,if y14 =270,
|Vie + %10 = 2| < |x10 = 1|x20 + 1] + |20 — 1| < (|x2a] + 1)8 + 8 < 46,

if Via = X1,aX2,a

|yia + %1 — 2| < %2, — 1] + |20 — 1| < (|x00| + 1)6 + 6 < 46,
Vo0 + %00 — 2| < %20 — 1| + |x20 — 1| < (|x10] + 1)6 + 6 < 48,

: — A2
if Via = X2,
: — 22
if YZ,a - xl,a'

|Vo0 + %20 — 2| < |x00 — 1 |x10 + 1| + |x10 = 1] < (|x10] + 1)8 + 8 < 45,

if V2, = X1,a%X2,a

|y2,a + X340 — 2| < |x2,a — 1||x2,a + 2| < (|x2,a| + 2)6 < 46,if y,,= xia.

Set § = min {1, } we complete the proof.

&
V3z

The next step is to consider the
fundamental properties of fuzzy limits of
fuzzy functions by generalizing the basic
properties of the classical ones.

Theorem 2.8. The partial fuzzy limit of a
fuzzy function is unique if it exists.

Proof. Suppose f:EcX —Y and p € X

is a fuzzy limit point of E. Assume that

Py, —limf(x) = L, P, — limf(x) = M.
xX-p xX-p

So, by the Resolution principle, forall 0 <

a, <a; <a<1,forall € >0, there exist
61,0, > 0 such that

0<|| (p1 (e %20), (PravP2a) )2 (10 ¥2.0), (P Pw))) | <.

implies

(s (Gt 22) Li). dofar ) L)) | <5

and

0 < [ (k1 (0 x20) (10920)) 2 (10 %2). (P10920)) )| < 5

implies

(@ (a0 22.0). M), (o (0 %2.0) M) | < 5

Let & = min{6,, 5,}. Then,

0< || (pl ((xl,a, xz,a); (Pl,a_u Pz,a)) P2 ((xl,au xz,a)' (pl,au pZ,a))) || <é

implies
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(s Bt M) o M) | <
[ (dl (Liw i1 %20)) 42 (L fo (%1 lea)» ”

+ ” (d1(f1 (xl,ou xz,a)’ Mi,a)» d, (fz (xl,a' xz,a), Mi,a)) ” <g,
where
di(LioM; o) = min{d(L; o, M;):i = 1,2},
dy(Ligy M; o) = max{d(L; o M;o):i = 1,2},

Corollary 2.9. The total fuzzy limit of a

TP T for every fuzzy sequence . in E such
fuzzy function is unique if it exists. y y 5€4 Pn

that 5, # B, limp, = .
Theorem 2.10. Let ftEcX —Y,p be a

fuzzy limit point of E and L €Y. Then
Py, — %i_r)%f(f) =L iff P, — lim flp,) =

Proof. Suppose that P, —limf(x)=1L
X—p

holds. By the Resolution principle, for all
0<a,<a; <ac<l,forall € >0, there
exists § > 0 such that

0.< [|(or (G0 %20). Prarp2)) 22 (1.0%20), (PraoP) )| < 6
implies
|| (dl(f1 (xl'“’ xz'“)’ Li.a)' d; (fZ (xl,ou xz,a)' Li,a)) “ <é

Since p, — p, thenfor 0 < a, < a; < a <1, there exits N € N such that for n > N,

0< || (pl ((pn,l,a: pn,z,a)' (pl,a: Pz,a)) » P2 ((pn,l,a' pn,z,a)r (pl,ar pZ,a))) || < 6

implies
|| (dl (fl (pn,l,a' pn,Z,a)' Li,a)' dZ (fZ (pn,l,a' pn,z,a)r Li:“)) || <E

Conversely, assume that P,, — lim f(p, ) = L, but B, — limf(x) # L. So, for 0 < a, <
n—oo xX-p
a; < a < 1, there exists ¢, > 0, for every § > 0, such that

0<|| (p1 ((er %2.0), (PraoP2)) P2 (%100 %2.0), (Pro Pw))) | <3

but
|| (d1 (fl (xl'“’ xz'a)’ Li,a)' dZ(fZ (xl.a’ xz,a)' Li.a)) “ > &

Taking § ==,n € N, there isa p_ in E such that
n n

0< ” (P1 ((pn,l,a:pn,z,a)' (PLa'Pz,a)) » P2 ((pn,l,a'pn,z,a)' (P1,a' Pz,a))) ” < %
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implies
|| (dl (fl (pn,l,ou pn,z,a)r Li,a)r dZ(fZ (pn,l,ou pn,Z,Ut)’ Li,a)) || > €o

which contradicts the assumption P,, — lim f(p, ) = L.
n—->00

Corollary 2.11. Let f:E X — Y,p be a Fo, = limf () = f(L), then Py, —
fuzzy limit pointof E and L € Y. Then T — . —N < s ) B

— — lim x))=f|P,,, —limg(x) | =
limf(x) =L iff T—limf(p,)=L for 2o (9G) = 1 { P iy (@)
xX-p n—oo

= f(L), ay = max{a,, a,)}.
every fuzzy sequence p_ in E such that ( ) " v

P, #p, limp, =p. Proof. Since f(w) — f(L) as u—1L

partially for & > a,, then by the Resolution
Theorem 2.12. If f and g are fuzzy Principle, for all € > 0, there exits § > 0
functions such that P, — %i_r)nﬁg(i) =L and such that

0< ” (pl ((ul,a:uz,a): (Ll,a:LZ,a)) P2 ((ul,a'uZ,a)' (Ll,a'LZ.a))>|| <3é

implies

” (dl (f1 (u1,ou uz,a): fi (Ll,a' LZ,a)) ,dy (fz (ul,ou uz,a)' fi (L1,ou L2,a))> ” <e&.

Since g(x) — L as x — p partially for & > a,, then by the Resolution Principle, there exists
&' > 0 such that

0 < /(o2 (Carxa) raop2)) o2 (10 22), (o)) )| <&

implies
[ (,01 (91 (tre0%20), 9i(Pra P2a) ) 2 (92 (X100 X2.0) 91 (D1, PM))) | <.
Letting (uy g0 tz0) = (gl (X100 X2.0)s gz(xl,a,lea)) for 0 < @, < ap < @ < 1,we obtain
0 < |(o1 (o). (rapa)). o2 (e, (rapac) )| <
implies

dq (f1 (91 (xl,a’ xz,a); g2 (xl,a' xz,a)) ) fi(LLou LZ,a)) )
d, (fz (91 (xl,a: xz,a), 92 (xl,a' xz,a)) ) fi(LLw LZ,a))

<E&.
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Corollary 2.13. Let f and g be fuzzy functions.
1. If T — %i%g(f) =Land P, — l_irr%f(ﬂ) = f(L), then
P, — limf (@)= f <Pa1 - %igg(f)> = f(L).
2. If P, —yl_ci_r%g(f) =Land T —l_irr%f(ﬁ) = f(L), then
e, — limf(9(0) = f (Pal - %igg(¥)> = f(L).
3.1 T— 31_61%9@) =Land T — l_irr%f(ﬁ) = f(L), then
T - gg%f(g(f)) =f (T - %i%g(f)> = f(L).

Theorem 2.14. If E c R is a fuzzy metric space, p is a fuzzy limit point of E and f, g are
fuzzy functions on E, then

1. (Pa1 - %igf(f)) + <Pa2 — %iglﬁg(f)) = Py, — %i_r)%(f(f) + g(f)),aM =
max{a,, a,}.

2. By, =~ Lim(AF)() = Z(zaal _ gyf(f)),ﬁ eR.

3 (P“1 ~ imf (@)( ~ limg (x)) — lim(fg)(x), ay = max{ay, a5}.
Plll _llnlf(f)
—Xp i () _

Proof. To prove (1), by the Resolution Principle, we have

= U a lim fl(xl,afxz,a) lim fz(xl,a'xz,a)

X1,a”P1,a X1,a”P1,a
a€laq,1] X2,aP2,a X2,aP2,«
+ al|_ lim X1 X X1 g X
X1 o 91( 1,a0 Za) X1g —>p1 92( Lar Za)
0—"5 [az,1] X2,a=P2,a X2,a>P2,a

f1 (x1 ar X2 a) + g1 (x1 ar X2 a)) lim (fz (xl,ou xz,a)

X1, a—>p1 a X1,a”P1,a
X2,a>P2,a X2,a>D2,a

+92(n107%1.0))| | = Py — 1im (FGO +3()

85



Malaysian Journal of Science 40(3): 76-106 (Oct 2021)

To prove (2), by the Resolution Principle, we have

a —%i_r)%(Zf)(E) = U <a lxly_r,rzl,l Fl(xl,alxz,a)' ll_r)rzl,l Fz(x1a X2 a)])

a€lay,1] X2,a7P2,a X2,a>D2,a

U (a Ala AZa]) U ( [Ml}—%l fl(xla X2 a) ll_r)rzl,l fz(x1a X2 a)])
ae(0,1] a€lay,1 X2,a>P2,a X2,a7P2,a
Z llmf(x)>

where
Fy (xl,ou xz,a)
= min{Al,afl (xl,a: xz,a), Aiafo (xl,a' xz,a)' Az afi (xl,ou xz,a), Azt (xl,ou xZ,a)}'
F, (xl,ou xz,a)
= maX{A1,af1 (xl,a: xz,a): Ay of2 (xl,a: xz,a): Az efi (xl,ar xz,a)' Az af2 (xl,a' xz,a)}-

To prove (3), let P,, — limf(¥) =L and P,, — limg(x) = M, then P, — lim[f(x) — L] =0
X-p X-p X—p
and P,, — lim[g(¥) — M] = 0. By the Resolution Principle, for a) < a <1, for all € >0,
X-p

there exists § > 0, such that

0< ||(|x1,a - pZ,all' |x2,a - pl,al)” <é

Implies
”(lfl(xl,a: xz,a) - Lz,a|: |f2 (xl,ouxz,a) - Ll,al)” <e&
and
0< ||(|x1,a - Pz,all' |x2,a - pl,al)” <6
Implies
”(lgl(xl,a'xz,a) - Mz,al, |gz(x1,oux2,a) - Ml,al)” <e
So,
ICACFG) 1 ICFE) DI < ICAFLL TEDINIAG] G2 DI < e,
where
FF=f (x1,a» xz,a) — Ly, Fy = f2 (xl,a' xz,a) — Liq
G1 = 01 (xl,ou xz,a) - Mz,a' G, = 9> (xl,au xz,a) - Ml,m
(FG)1 = min{F, Gy, F1G,, F,Gy, F>G,},
(FG)Z = maX{FlGl, Flcz, cml, Fsz}.
That is,
xlll—%w(FG)l =0, hrr%z'a(FG)z = 0.
X2,a>P2,a xz a=P2a
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From properties (1) and (2), if

or

Then

or

then

or

then

fl(xl,arxz,a)gl(xl,a»xz,a) = min{fi(xl,alxZ,a)gi(xllxz,a):i = 1'2}

fl(xl,arxz,a)gl(xl,a»xz,a) = max{ﬁ-(xl,a,xz‘a)gi(xl,xz,a):i = 1’2}’

lim f; (XLa; Xz,a)g1 (xl,ou x2,a)

X1,a>P1,a
X2,a>P2,a

= xl,(lz.'i_r’%l,a([fl (xl,a' xz,a) - L2,a][gl (xl,ouxz,a) - Mz,a]
X2,a7P2,a

+ Ly 091 (xl,ouxz,a) + My o f1 (xl,ouxz,a) - LZ,aMZ,a)
=0+ LZ,aMZ,a + LZ,aMZ,a - LZ,aMZ,a = Lz,aMZ,a-

f1(x1,ouxz,a)gz(mexz,a) = min{fi(xlla,lea)gi(xl,xzja):i = 1'2}
f1(x1,ou xz,a)gz (x1,a»x2,a) = max{fi(xl,arxz,a)gi(xl,arxz,a):i = 1,2},

x1,¢£i—%1,af1 (xl,au xz,a)gz (xl,a" xz,a)

X2,a7P2,a

= _lim ([fl(xl,a'xz,a) - Lz,a][gz(xl,arxz,a) - Ml,a]

X1,a”P1a
X2,a>P2,a

+ LZ,agz (xl,a' xz,a) + Ml,afl (xl,ou xz,a) - Lz,aMl,a)
=0+ LZ,aMl,a + LZ,aMl,a - LZ,aMl,a = LZ,aMl,a-

fz(x1,a’x2,a)91(x1,a: xz,a) = min{fi(xl,a'xz,a)gi(xl'xz,a):i = 1,2}

f2 (xl,arxz,a)gl(xl,a:xz,a) = max{fi(xl,a'xz,a)gi(xl'xz,a):i = 1'2}:

lim fz (xl,ou xz,a).gl (xl,a"xZ,a’)

X1,a”P1,a
X2,a7P2,a
= x1‘y_r)%1‘a([f2 (xl,a; xz’a) - Ll,a] [gl (xl’a, x2,a) — MZ,(X]
X2,a>P2,a

+ Ll,agl (xl,ou xz,a) + Mz,afz (xl,ou xz,a) - Ll,aMZ,a)
=0+ Ll,aMZ,a + Ll,aMZ,a - Ll,aMZ,a = Ll,aMZ,a-

f2 (x1,a’x2,a)gz (xl,a»xz,a) = min{fi(xl,wxz,a)gi(xl,a'xz,a):i = 1:2}
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or
fa (X1,a; xz,a)gz (X1,ou Xz,a) = maX{fi (xm, xZ,a)gi(xp xz,a): i = 1’2},
then
x1,lci—r>rll’1,af2 (xl'“’ xzﬂ)gZ (xl,a’ xz,a)
X2,a>P2,a

= _lim ([fz (xl,ouxz,a) - Ll,a][gz(xl,a'xz,a) - Ml,a]

X1,a>P1,a
X2,a”P2,a

+ L4092 (xl,ou xz,a) + My of> (xl,ar xz,a) - Ll,aMl,a)
=0+ Ll,aMl,a + Ll,aMl,a - Ll,aMl,a = Ll,aMl,a-

In order to prove (4), since P,, — limg(x) = M, then by the Resolution Principle, for a > a,,
xX-p
forall € > 0, there exists §; > 0 such that

0< ”(lxl,a - Pz,a|: |x2,a - P1,a|)|| < &

implies
(191 (%100 X2,0) = Moo |, |92 (X100 X2,0) — Mio])|| < &
So,
0 < ||(|x1e = P2al [%20 = Pral)|| < 61
implies
M, .|, M
1191 G ) = Ml g2 ) — M) < L2l (Mo

which involves
[(IMal M2, < [|(l92Cera %2,0)] |92 (X100 X2.0) D
+||(|g1 (xl,ouxz,a) - Mz,al, |92(x1,a’x2,a) - Ml,al)”
< ||(|g1(x1,ou xz,a) - Mz,al' |92 (xl,a; xz,a) - Ml,al)”

M1 [Ma ]
: .

Rearranging above, we obtain
2

1
< :
(1912 (r1.00 ¥20)| |92 (21 22, DI (1Mo, [ Mz

Moreover, there exists §, > 0 such that

) ) 0< ”(lxl,a - pZ,alf |x2,a - pl,al)” < 52

implies ,

[(M1,a], [ M2 |) ||
> .

||(|gl(x1,aw xz,a) - MZ,alf |gz(x1,a'x2,a) - Ml,al)” <
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Set § = min{d,,5,}. Then

0< ”('xl,a - Pz,a|' |x2,a - pl,a')” <4
implies
1 1
[(lg1 (ere0 x20) |, |92 (100 2 ) DIl (| ([Maa], [Me]) |
_ (M a] Mo DI = (191 Cevar %2.0) ] |92 (00 22.0) DI
1(191 (er.er x20) |, 192 (o1, 22,0 DI ([ M|, [ M D
< ||(|91(x1,a»x2,a) - Mz,al' |gz (x1,oux2,a) - Ml,al)”
~0g1(e 220l 192 (110 x2.a) DI (1Magl. [M2])]
2 (Ml MaaDIe

2
1(1Mc ], [Mz.q] )l 2

Using (3), we complete the proof.

Corollary 2.15. If E c R is a fuzzy metric space, p is a fuzzy limit point of E and f, g are
fuzzy functions on E, then

1. T-limf(x)+P, —limg(x) =P, —lim(f(x) + g(x)) =P, — limf(x) + T —
X-p xX-p xX-p X-p

limg(x)
X-p
2. T-lmf@+T-limg@ =T - %i%(f(f) +9(®)

3. T-lm(A)® =4 <T — %i%f(z)> AeR

4. (T —limf (Y))) <Pa1 —limg (@) =P, —lim(fg)(x) = <Pa1 — limf @) (T -
xX-p xX-p xX-p xX-p
limg (@)

X—p

S, <T —limf (@) <T - %ignﬁg(f)> =T —lim(fg)(x)

T-Jims G (@Y _ Py ®
6. Pay ~limg () ~ o TG (g(f)) - T-limg(x)
Ty e
7 T-limgG) B %—»5 (ﬁ)

89



Malaysian Journal of Science 40(3): 76-106 (Oct 2021)

Theorem 2.16. Let p € I c R, where [ is
an open fuzzy interval. If f,g are fuzzy

functions defined on I\p such that Py —
limf(x) and P,, —limg(x) exist and
X—p X—p

f@=g@TeNs . then Py, —
limf (%) = P, — limg(x), ay =

X=p x—-a

max{a,, @}

o M 0 np e

Theorem 2.18. Suppose p € ? c E, where ?
is an open fuzzy interval, and f, g are fuzzy

functions defined on I\p. If P, — limf (%)
X—p
and P, —limg(x) exist and f(x) <
xX-p
g, xel\p , then P, —limf(x) <
xX—p

Papy — %i_r)nﬁg(f), ay = max{a;, a,}.

Corollary 2.17. Let p € I c R, where [ is
an open fuzzy interval and f,g are fuzzy

functions defined on I\p such that and

f@) =g&x),x€l\p . We have the
following

If P, —limf(x) and T — limg(x) exist, then P, — limf(x) = F,, — limg(%).
X-p X—=p X—p xX—a
If T—limf(x) and B, — limg(x) exist, then P, — limf(x) = F,, — limg(%).
X—=p X-p X—-p xX—-a
If T—limf(x) and T — limg(x) exist,then T —limf(x) = T — limg(x).
X—=p X-p X-p xX—a

Proof. Let P, —limf(x) =L and P, —
xX—p

limg(x) = M. Assume, by the Resolution

xX—p

Principle, for ay <a<l, that
[Lia Loa| > [Mya Mag] . For e,e,>0
with & + ¢, = %[Lm — M, ], there exist
61,0, > 0 such that

0< ”(lxl,a - Pz,al' |x2,a - pl,al)” < 61

Implies

||(|f1 (xl,ouxz,a) - L2,a|' |f2(x1,00x2,a) - Ll,al)” <&

And

0< ”(lxl,a - pZ,alf |x2,a - pl,al)” < 52

Implies

”(lgl(xl,a»xz,a) - Mz,a|» |gz (xl,a'xz,a) - Ml,al)” < &.

Letting § = min{d,, §,}, we get

0< ”(lxl,a - Pz,al' |x2,a - pl,al)” <4



Malaysian Journal of Science 40(3): 76-106 (Oct 2021)

implies
(f1 (xl,ou xz,a) — 92 (x1,ou xz,a)' f2 (xl,au xz,a) — 01 (xl,ar xz,a))

= (fl (xl,ou xz,a) =Ly fo (xl,au xz,a) - Ll,a)
+(Loa = Mya Lig — M)

+ (Ml,a — 92 (xl,ou xz,a)' Mo — g1 (xl,ou xz,a))

> (Lopg = Mig — &1 — €2, L1 — My — &, — £,) > (0,0)
which contradicts the assumption (%) < g(x),x € I\p.

Corollary 2.19. Suppose p € ? c E where ? is an open fuzzy interval, and f,g are fuzzy
functions defined on 7\p such that f(x) < g(x) for all X € I\p. We have the following

1.1f By, — %igf(%) exists, then P, — %iﬁn#(%) <P, - %i%g(f).

2.1f B, — %i_r%g(f) exists, then P,, — %i_r)%f(f) <P, - %i_r%g(f).

3.1f P, — %i_r)%f(f) and T — %i_r)nﬁg(f) exist, then P, — %i%f(f) < Py, — %i_)n%g(f).
4.1f T — %igf(%) and P, — %iﬁn%g(f) exist, then P, — %i%f(f) <PF, —}?i_r%g(f).
5.1f T — %igf(%) and T — %i_r)%g(f) exist, then T — %i%f(f) <T- %i%g(i).

Theorem 2.20. Suppose p € ? c E where ? is an open fuzzy interval, and f, g, h are fuzzy
functions such that f(x) < h(x) < g(x) forall x € I\p and P, — limf(x),
xX-p
P, —limg(x) exist. Then
X-p

Payy — JI_CI_IZ%JC(Y) = Fopy — %i_r)‘%h(f) = Fop — %i_r;%g(f), ay = max{ay, a,}.

Proof. Suppose that P,,, — limf(x) = F,,, — limg(x) = L, where a;; = max{a,, a,}. By the
X-p X-p

Resolution principle, for ay < a < 1, for € > 0, there exist §,,5, > 0 such that

0< ”(lxl,a - pl,alf |x2,a - pz,al)” < 51

implies
”(lfl(xl,a’xz,a) - Lz,al’ |f2 (xl,ouxz,a) - Ll,al)” <e&
and
0< ”(lxl,a - Pz,al' |x2,a - pl,a')” < 62
implies

”(lgl(xl,a’xz,a) - Lz,al’ |92 (xl,ouxz,a) - Ll,al)” <&
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Since f(x) < h(x) < g(x) for all x € ?\6, then, for a), < a <1, for there exists 63 > 0
such that

0 < [|(Irra = P2cl [¥2.a = Pral)ll < &
implies
<L1,a - %;Lz,a - %) < (fl(xl,a'xz,a)'fZ(xl,a'xZ,a))
= (hl (X1, %20, P2 (X100 xz,a))

< (91 (xl,ou xz,a)' 92 (X1,a' xz'“))
(

< (Lya+5.Loa +5)

vz’ vz

Choosing 6 = min{d;, 55, 3}, we get

0< ||(|x1,a - pz,allr |x2,a - pl,alz)” <6
implies

(lhl (xl,aixz,a) - LZ,al: |h2(x1,a,x2,a) — Ll,aD < (%'%),

which completes the proof.

Corollary 2.21. Suppose p € ? c E where ? is an open fuzzy interval, and f, g, h are fuzzy
functions such that f(x) < h(x) < g(x) forall x € I\p. We have the following

1. If By, —limf(x) and T — limg(x) are exist, then
xX-p xX-p
Py, —limf(x) = B, — limh(x) = F,, — limg(%).
xX-p X-p X-p
2. If T —limf(x) and B, — limg(x) are exist, then
xX-p xX-p

Py, —limf(x) = B, — limh(x) = F,, — limg(%).
xX-p xX-p xX-p
3. If T —limf(x) and T — limg(x) are exist, then
xX-p xX-p

T —limf(x) =T — limh(x) =T — limg(x).
xX-p X-p X-p

3. ONE-SIDED FUZZY LIMIT function defined on some open fuzzy

interval I with left endpoint p and L € R.
If, for all 0<a,<a;<a<1, the a-
cuts’ boundaries of f(x) converge to the a-
cuts’ boundaries of L as the a -cuts’
boundaries of x approach the a -cuts’
boundaries of p, then f(x) converges
partially to L as x approaches p from the
right.

Herein we establish the concept of the
one-side fuzzy limit of fuzzy functions
through the following theorems, the proofs
of which are similar to those mentioned in
the theorems in Section 2.

Theorem 3.1. Let f:? c ﬁ — ﬁ be a fuzzy
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Corollary 3.2. Let f:? c ﬁ — ﬁ be a
fuzzy function defined on some open fuzzy

interval I with left endpoint p and L € R.
If, for all @ € (0,1], the a-cuts’ boundaries
of f(x) converge to the a-cuts’ boundaries
of L as the a -cuts’ boundaries of X
approach the a-cuts’ boundaries of p, then

f(x) converges totally to L as X
approaches p from the right.

Theorem 3.3. Let f:? c ﬁ — ﬁ be a fuzzy
function defined on some open fuzzy

interval I with left endpoint p and L € R.
Then f(x) converges partially to L as x
approaches p from the right iff for all 0 <
a, <a; <a<1,forall € >0, there exist
61,0, > 0 such that

(0,0) < (xl,a —P2ar X2, — pl,a) < (64,63)

implies

(3.1)

||(|f1 (xl,a:xz,a) - Lz,al, |f2(x1,00x2,a) - Ll,aD” <&

Corollary 3.4. Let f:1 c R — R be a fuzzy function defined on some open fuzzy interval I

with left endpoint » and L € ﬁ Then f(x) converges totally to L as x approaches p from
the right iff for all a € (0,1], for all € > 0, there exist §,,8, > 0 such that

(0,0) < (xl,a —P2aX2,a — pl,a) < (64,63)

implies

||(|f1 (xl,a:xz,a) - LZ,al: |f2(x1,00x2,a) - Ll,al)” <e&.

Theorem 3.5. Let f:? c ﬁ — ﬁ be a fuzzy
function defined on some open fuzzy

interval I with right endpoint p and L €
R. If forall 0 < a, < a; < a <1, the a-

cuts’ boundaries of f(x) converge to the

a -cuts’ boundaries of L as the a -cuts’
boundaries of x approach the «a -cuts’
boundaries of p, then f(x) converges

partially to L as x approaches p from the
left.

Corollary 3.6. Let f:? cR—R be a
fuzzy function defined on some open fuzzy

interval I with right endpoint p and L €

R. If, for all a€(0,1], the «a -cuts’
boundaries of f(x) converge to the a-cuts’
boundaries of L as the a-cuts’ boundaries
of x approach the a-cuts’ boundaries of p,
then f(x) converges totally to L as x
approaches p from the left.

Theorem 3.7. Let f:? c ﬁ — ﬁ be a fuzzy
function defined on some open fuzzy

interval I with right endpoint 7 and L €

R. Then f(x) converges partially to L as
x approaches p from the left iff for all 0 <
a, <a; <a<1,forall € >0, there exist
61,6, > 0 such that

(_61' _62) < (xl,a —P2aX2,a — pl,a) < (0:0)

implies

(3.2)

”(lfl(xl,a:xz,a) - Lz,al’ |f2(x1,a'x2,a) - Ll,al)” <e&
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Corollary 3.8. Let f:? c ﬁ — ﬁ be a and L € ﬁ Then f(x) converges totally to

fuzzy function defined on some open fuzzy L as x approaches p from the left iff for all

interval T with right endpoint p a € (0,1], forall € > 0, there exist 6,6, >
0 such that

(=61, —63) < (xl,a —P2a X2, — pl,a) < (0,0)
implies

||(|f1(x1,a» xz,a) - Lz,al' |f2(x1,ar xz,a) - Ll,al)” <&
Remarks 3.9.

1. We call the convergence in Theorem 3.3 by the partial right-hand fuzzy convergence and L
by the partial right-hand fuzzy limit of f at p and write it as

ﬂ53=f=3u—§?j@) (3.3)

because the limits of a-cuts do not exist for 0 < a < a,. We also call the convergence in
corollary 3.4 by the total fuzzy convergence and L by the total fuzzy limit of f at p and write

it as
f(@")

L=T- lim f(%) (3.4)

xX-p

because the limits of « -cuts exist for all a € (0,1]. Moreover, if the right-hand fuzzy
convergence does not exist for all « € (0,1], we denote Py — lim f(x).

xX-p
2. We call the convergence in Theorem 3.7 by the partial left-hand fuzzy convergence and L by
the partial left-hand fuzzy limit of f at p and write it as

f@) =1 =Fy, — Jim f@) (35)
because the limits of a-cut do not exist for 0 < a < a,. We also call the convergence in
Corollary 3.8 by the total fuzzy convergence and L by the total fuzzy limit of f at p and write
it as

fG)=L=T- Elir%l_f(f) (3.6)

because the limits of a-cuts exist for all « € (0,1]. Furthermore, if the right-hand fuzzy
convergence does not exist for all « € (0,1], we denote P, — lim_f(x).
X-p

Examples 3.10.

[l

1. Let f(xX) = and p = (3,3,5)- Then Py — lim, f(%) and P, — Jim £ @), since,

11
372 X-p

=

AR
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by the Resolution Principle, for all a« € (0,1], for all € > 0, there exist §,,8, > 0 such that

(0,0) < (xm - (—%a + 1),x2,a - (ia + %)) < (8,,5,)

2 12
implies
1 1 S H(l 1 S
— 0 — 0 _—— &
1,41 ’ 1 .1 B '5)
%20~ (772 +3) %0 (—ga+y) =
and for all ¢" > 0, there exist §;, 53 > 0 such that
! ! 1 1 1 1
(_61! _62) <|X1a— <_ga + E):xz,a - (Ea + Z) < (0,0)
implies
1 1 - H(l 1) S
— 0 ) — OO _,'_, £,
e (Lat D) e (Zat ] 53,

12 4 6 4

2. Let f(x) =exp (%) and p = 0. Then, P, — lim Lf(x) =c0and T — lim f(x) = 0,
xep xep

because by the Resolution Principle, for all a € (0,1], for all € > 0, there exist §;,5, > 0

such that

(0,0) < (x1,oux2,a) < (61,6,)
implies

(e ()= oo ) == - I

and for all ¢’ > 0, there exist §;, 5, > 0 such that
(_6{:_52) < (xl,a'xz,a) < (0'0)

(e G RN < (e () ()

2 T < (l 1 3)
Bl f@=1(11 1y a1y g adp=(35)

1
e 5,) = =|)] >
1

exp — 00 |

implies

<¢g'.

)

6’5’4
36’25’16 "\6’5"4

1

Then T — llm Lf(x) = (36 by
all € >0, there exist §;,8, > 0 such that

) because by the Resolution Principle, for all « € (0,1], for
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-1 1 1 1
(0,0) < x4 — (%a + Z) X — <%a + E) < (61,62)

implies

(1 Gog+56) - (om * 52)| |G+ 56) - (= + ) <
900" 900" " 36/1"\200“ " 16/~ 200" " 16 ¢
and for x approaches p from the right we have three cases:

Case 1: T — lim f(x) = (

Topt 3625’ 16)
forall ¢ > 0, there exist §;,8; > 0 such that

because by the Resolution principle, for all « € (0,1],

o 11 11
(=61,—03) <|(x14q — (—%a + 4) Xpo — <%a +€) < (0,0)

(—1 +1) (1 +1>
Yia “\20% ") P22 30% "6

where y; , = min{xlz,a,xia}, Voa = max{xlzja,xia} and

, 11y
Xia— (——a+ )

implies

2 2

’
<o

<ria= (=55 +3)
20472 Y1a 20472

11 1
< |x1,a|+2(—%a+ > 61<4(—%a+ )51,
) 1 12 1 1 1 1
xZ*“_(%“J“e) = xz'“_(3o“+6)| Yoa + (30“+6>|
<] |+2(1 +1> &3 <4(1 1)6’
X2 3076/ )° 30% %)%
11 11
e e

o 20 4
2

a a

11
+(55a+3)

Y22 T\30% T4

2

, 11y
e~ <%“+ 6)

2

2

2 1 1
= [Xoa (30“ + 6)|

(1 +1)2 ( 1 +1>
3076 20571

_|_
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<i(zga+ D)o+ |pa+s) ~(~aga+3)
309152130915 20“
1 1\ o,
<5(56¥+g)62.

) because by the Resolution Principle, forall a = 1,

2

1
Case 2: P; — xlir;? fx) = (g ' Te

forall &' > 0, there exist 6,5, > 0 such that

(=8, -6 < <x1,a _ (—ia + 1) Yoo — (ia + 1)) < (0,0)

20 30 6
implies
-1 1y’ 1 1\° ,
(b= G ) | o= e ) )] <

where y; o = %34, V24 = X1, and

, (1 1y
%o~ (359 +3)

(s +5)
= XZa 3()6{ 3

2

+(1 +1) ( 1 +1>
3076 20% 72

1 1 1 1
xw‘(‘ﬁ“zﬂ "1'“+(‘—“+‘)|
2

+( 1 +1> (1 +1>
20571 3076

<[roa = (550 +5)
Y22 " \30% T

2

1
<4(%a+ )62,
, 11y

<
30 6/ |

=
[
Q

2

1

Case 3: Py — lim f(x) if y14 = Y20 = X1,a%2,« forall a € (0,1], where

X-p
1 1\2
X1aa = (550 +7)

(-5 + 2+ (zpe+ Dl e e+ g)|+ Goe+3)
X1La 20“ 4/ 20 ) Y22 ~\30¢ 6) (30“ 6)

<l (o Do G Bl (e’

1 1\2
X1,aX2,q — (—a + —)

(s D (s Dl -G D+ G 2)
o
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1 CZ 2 a 30 a 6
Theorem 3.11. Let f:ﬁ — ﬁ be a fuzzy function, L € ﬁ and Py, — lim f(x), P, —
X-p
lim f(x) exist. Then P,, — limf(x) = Liff L= Py, — lim f(x) = Py, — limj(?),aM =
x-p xX-p X7

x—>p X=p
max{a;, a,}.

Proof. Suppose that P, — limf(x) =L, where a, = max{a;,a,}. By the Resolution
xX-p

Principle, for 0 < ¢y < ay < a < 1, forall € > 0, there exists § > 0 such that

0< ”(lxl,a - Pz,al' |x2,a - pl,aD” <é
implies
||(|f1(x1,a»x2,a) - Lz,al: |f2(x1,arx2,a) - Ll,al)” <&

Since, for 0 < @y < ay < a < 1, that

(0,0) < (xl,a —DP2a X2, — P1,a) < (81,67)

and
(_61: _62) < (xl,a —P2a X2, — pl,a) < (0'0)
imply
0< ”(lxl,a - Pz,al, |x2,a - pl,al)” < 6'
then
0; O
(0,0) < (xl,a —P2aX2,a — pl,a) < (\/_%r\/_%)
implies
”(lfl(xl,a: xz,a) - Lz,a|: |f2 (xl,ouxz,a) - Ll,al)” <e
and
( L ) (x ) < (0,0)
) x - )
- - \/— \/— la Pz,a 2, pl,a
implies
”(lfl(xl,a:xz,a) - Lz,al’ |f2(x1,a'x2,a) - Ll,al)” <e&
Conversely, suppose L = hm L f(x) = _lim+f (x) holds. By the Resolution
X-p

principle, forall 0 < g < ay < < 1, forall € > 0, there exist &,,8, > 0 such that

0,0) < ( )<(61 62)
, X{gqg — J Xy o — —,—=
1,a Pz,a 2,a pl,a \/E \/E
implies

”(lfl(xl,a'xz,a) - Lz,al’ |f2 (xl,ouxz,a) - Ll,al)” <e&
and
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&
( \/1— \/—) ( X1,a0 — P2ar X2, — pl,a) < (0,0)

implies
”(lfl(xl,ou xz,a) - Lz,al' |f2(x1,ou xz,a) - Ll,al)” <&

Set § = min{d;,5,}. Then

0< ||(|x1,a - pZ,allr | %20 — pl,alz)” <é
implies

“(lf(xl,a»xz,a) - Lz,a|» |f2(x1,oux2,a) - Ll,aD” <E.
Corollary 3.12. Let f: ﬁ - ﬁ be a fuzzy functionand L € ﬁ We have the following

1LIf P, — Eli%q_ f(x), Py, — lim f(x) exist. Then P, — %i_r% fx)=Liff L=

xX-p
P, —_lim_f (x) = Py, — lim f(%).
x—>p
2. 1f T — hm Lf(X), T — lim f(x) exist. Then T — hmf(x) =Liff L=T—
x—>p
11m f(x) =T — lim f(x)
x—>p
3. If T — lim f(x), P,, — lim f(%) exist. Then P,, —limf(x) =L iff L =
xX—p y_>5+ xX-p
Pa, — _lim_f (x) = Py, — lim f(%).
xX-p
4.1f By, 11m Lf(Xx), T — lim f(x) exist. Then P, — limf(x) = Liff L=
x—>p X=p
_llm_f (x) = Py, — lim f(%).
xX-p X—p
Examples 3.13.
Ism(x)l

1. Let f(x) = =y and p = 0. Then P, — llmf(x) because by the Resolution Principle, for

all «a€(0,1], lim m1n{|sm(x“")| 12} lim max{lsm(x”")| —12} give positive

X1,—0% sin ( L,a) X1,g—0% ( lDl)
xZ,a_)0+ xZ'a—>O+
values and lim min {ls gl ; 1,2}, lim max {M =1 2} give negative
X1,4—0 n(x;q) ° X140 sin(x; )
X207 X2,q—07
values.
(2% +1 x> 1
2. Let f(X) = JE M X = 1 and ¥ =T Then T — limf (%) = 3 because by
7x" — 4 x < 1 x=p
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the Resolution Principle, for all @ € (0,1], we have the a-cuts

x1l,ir—r>11+(2x1'“ + 1)’x1¥ir—r>11+(2x2'“ + 1) =[33],
:xz,a_’l+ X2,q-1%
x1¥oi¢r—r>11_(7y1'“ B 4)'x1¥oizr—r>11—(7y2’a B 4) - [3'3]'
| X2,0—17 X3 q—1"

where y; , = min{xi'axj’a: i,j = 1,2},y2’a = max{xi‘axj’a: i,j = 1,2}. Thus, lim f(x) = 3

and lim f(x) = 3.

x-1

4. FUZZY LIMIT AT INFINITY
AND INFINITY FUZZY LIMIT

Concepts of the fuzzy limit of fuzzy
function at infinity and infinity fuzzy limit
with their properties are obtained in this
section through the following theorems.

Theorem 4.1. Let fECR—R be a
fuzzy function, L € R and (a,) € E for
some g €R. If forall 0 < a, <a; < a <

1, the a-cuts’ boundaries of f(x) converge
to the a-cuts’ boundaries of L as the a-
cuts’ boundaries of x approach oo, then
f(x) converges partially to L as ¥
approaches oo,

||(|f1(x1,a'x2,a) - Lz,al' |f2 (xl,a'xz,a) - Ll,al)” <e&.

Corollary 4.4. Let f:f c ﬁ — ﬁ be a
fuzzy function, L € R and (@, ) € E

for some @ € R. Then f(X) converges
totally to L as x approaches oo iff for all

100

x-1

Corollary 4.2. Let f:ECR—R be a
fuzzy function, L € R and (a,o) € E for
some @ € R. If, for all @ € (0,1], the a-

cuts’ boundaries of f(x) converge to the

a -cuts’ boundaries of L as the a-cuts’
boundaries of x approach oo, then f(x)

converges totally to L as x approaches oo.

Theorem 4.3. Let f:f c ﬁ — ﬁ be a
fuzzy function, L € R and (a,o) € E for

some a€R . Then f(x) converges

partially to L as X approaches oo iff for all
0<ay<a; <ac<l,forall € >0, there

exists K such that the a-cuts [Kyq, Kzl
Of E Satley KI,C( = Kl,a(g) > al,a, KZ,C{ =
Kz,a(g) > A2,a and (xl,a'xz,a) >
(Kiq Kzq) implies

(4.1)

a € (0,1], forall € > 0, there exists K such
that the a-cuts [Kyq Koq] Of K satisfy
Kia =Kia(€) > a10,K0 = Kp0(e) >

a, . and (xl,a,xz,a) > (Kl,w Kz’a) implies
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||(|f1(x1,a»x2,a) - Lz,al’ |f2(x1,afx2,a) - Ll,aD” <&

Theorem 4.5. Let f:Ecﬁeﬁ be a
fuzzy function, L€ R and (—o0,a) € E

for some a € R. If, forall 0 < a, < a; <
a <1, the a-cuts’ boundaries of f(x)

converge to the a-cuts’ boundaries of L as
the a-cuts’ boundaries of x approach —oo,

then f(x) converges partially to L as X
approaches —oo.

Corollary 4.6. Let f:fECR—R be a
fuzzy function, L€ R and (—o0,a@) € E

forsome @ € R. If, forall « € (0,1], the a-
cuts’ boundaries of f(x) converge to the

a -cuts’ boundaries of L as the « -cuts’
boundaries of x approach —oo, then f(x)

converges totally to L as x approaches
—00,

Theorem 4.7. Let f:EcCR— R be a
fuzzy function, L€ R and (—o0,a@) S E

for some @ € R. Then f(X) converges

partially to L as x approaches —oo iff for
al 0<a, <a;<a<1, foral €¢>0,

there exists K such that the a -cuts
[Kia Koo| OF K satisfy K; g =Ky o(e) <
A1,0, K0 = Kp,0(8) < azq and
(x1.00%20) < (Kiq Ko i) implies

||(|f1 (xl,a:xz,a) - LZ,al: |f2(x1,00x2,a) - Ll,aD” <e&. (4.2)

Corollary 4.8. Let f: f c ﬁ - ﬁ be a fuzzy
function, LR and (—oo,a@) € E for

some @ € R. Then f(¥) converges totally

to L as x approaches —oo iff for all a €
(0,1],

for all € > 0, there exists K such that the
a-cuts [Kyq Kyq| Of K satisfy Kiq =
Kio(e) <14, Ky 0 = K 4(¢) < ap, and
(%100 X2,0) < (K10 Kzq) implies

||(|f1 (xl,ouxz,a) - Lz,al' |f2(x1,00x2,a) - Ll,al)” <&

Remarks 4.9.

1. The fuzzy convergence in Theorem 4.3 is denoted by

f(e0) =L = Py, = lim f(®) (49

because the limits of a-cuts do not exist for 0 < a < a,. The fuzzy convergence in Corollary

4.4 is denoted by

fleo) =L =T - lim f(x) (4.4)

because the limits of a-cuts exist for all a € (0,1]. Moreover, if the fuzzy convergence does not

exist for all a € (0,1], we write P, — lim f(x).
X—00

2. The fuzzy convergence in Theorem 4.7 is denoted by

f(=e) =T = P, = lim f(®) (45)
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because the limits of a-cuts do not exist for 0 < a < «,. The fuzzy convergence in Corollary
4.8 is denoted by

f-) =L =T~ lim f(2) (46)

because the limits of a-cuts exist for all @ € (0,1]. Furthermore, if the fuzzy convergence does
not exist for all « € (0,1], we write Py — _lim f(X).
X——00

Examples 4.10.

Yy 3 2 =
1. T—- lim x __21 =—-2=T-— _lim 2x 21 because by Resolution Principle, for all a €

X—o0 1-X% xX——00 1-X

(0,1], the a-cut

[2;2] [xl,a' xz,a]z - [1;1]l I . {in,axj,a - 1} {in,axj,a - 1}]
=| min {——————}, max y————
i

[1,1] = [x1,q) X24]? =12 (1= XX ) 0i=12 (1 — X;4Xj 4
2%°-1
of = has the limit
1-X
. . in,axj,a -1 . 2Xi,ocxj,a -1 _
lim min {————¢, lim max {————¢| =
Xq1,q—Et04,j=1,2 1-— Xi’an'a X1,g—2E0(,j=1,2 1-— xi_axj,a
Xp g0 X2,q—F00
1 1
2= x 2=
. . Latj,a . Latj,a
lim min / , lim max ! =[-2,-2].
X1,q—F00],j=1,2 14 1 X1,g—+00] j=1,2 14 1
X2,a7%e0 XiaXja) Y2aoE® Xi,aXj,a

2. T — lim 2=0=T- _lim % because by Resolution Principle, for all a € (0,1], for all

xX—o00 X X—>—00
g > 0, there exist a-cuts [Kyq, K, o] of K > 0 suchthat (xy4,%24) > (K1 Kz,0)
implies
- ) - ) g
X2,al |X1,a Kz,a Kl,a

and for all & >0, there exist a-cuts [K{, Ks,] of K'>0 such that (xyq %;4) <
(=K1 4 —K3,4) implies

It Dl < et ) <<

o B rZmaras €.

xZ,a xl,a Kz,a Kl,a

Theorem 4.11. Let fiEcCR— R be a of f(x) tend to oo & the a -culs’
] = boundaries of x approach the «a -cuts’

fuzzy function and I be an open fuzzy boundaries of p, then f(x) tends to oo as

interval such that I\p c E forsome p € R. x approaches p.

If for all a € (0,1], the a-cuts’ boundaries
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Theorem 4.12. Let ftECR— R be a
fuzzy function and I be an open fuzzy
interval such that I\p c E forsome p € R.

Then f(x) tends to c as x approaches p

iff, for all a € (0,1], for all g > 0, there
exists 6 > 0 such that

0< ”(lxl,a - Pz,al, |x2,a - P1,a|)|| <é

implies

4.7)

(fl(xLa'xz,a)»fz(mexz,a)) > (ﬁl,ouﬁz,a)-

Theorem 4.13. Let f:Ecﬁeﬁ be a
fuzzy function and I be an open fuzzy

interval such that 1\@ c E forsome @ € R.
If for all a« € (0,1], the a-cuts’ boundaries
of f(x) tend to —oo as the a -cuts’
boundaries of x approach the a -cuts’
boundaries of a, then f(x) tendsto —oo as
X approaches a.

Theorem 4.14. Let f:fcﬁeﬁ be a
fuzzy function and I be an open fuzzy

interval such that 7\p c E forsome p € R.
Then f(x) tends to —oo as x approaches
P iff, for all a € (0,1], for all B > 0, there
exists § > 0 such that

0< ”(lxl,a - Pz,al: |x2,a - pl,aD” <é

implies

(4.8)

(f1 (xl,a'xz,a)'fz(xl,a'xz,a)) < (ﬁl,ouﬁz,a)-

Remark 4.15. The fuzzy convergence in Theorem 4.12 is denoted as

T —limf(x) =
xX-p

(4.9)

and the fuzzy convergence in theorem 4.14 is denoted as

T — limf (%) = —co.
xX-D

Examples 4.16.

(4.10)

1. lim_—l2 = oo because by the Resolution Principle, for all a € (0,1], there exist a-cuts

x—-0X

[My 4, M, o] of M € R such that

o 1
0 <Il (x1,0,%24) 1< 8, implies fi(x14 %24) > 57> 8, =
1

o 1
0 <Il (x1,0,%24) I< 8, implies fo(x1 4 X24) > 57 5, =
2
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where
fi( )= min
x , x = mln ) 4 ’
1\X1,00 X2, xlz,a X1,aX2,a x%,a
£l ) { e }
x , x = maX ) 4 '
2\ 2,0 X X1aX2a X3q
5 hm _5;2 = —oo because by the Resolution Principle, for all « € (0,1], there exist

a-cuts [My 4, M, 4] of M < 0 such that

0 < |||xre = 1| 220 — 1]|| < &4
implies
Xigt+ 2
fl(x1a,x2a) l] 12{2xlax]a 3x1a+1}<M1a
and
0 < ||[x1e — 1| |20 — 1||| < 62
implies
Xi’a + 2
f2 (xl ar X2 a) - lr}la1X2 {in,ax]',a - 3xl-,a + 1} < Mz'a’

where 2x; oxj o — 3x;, + 1 is negative and
converges to 0 as (x4, %,,) approaches
to (1,1) from the left. Therefore, choosing
6; € (0,1),i = 1,2 such that (1 —-6;,1—
61) < (xl,a, xz,a) <(1,1) and (1-
82,1 —65) < (Xpa X20) < (1,1)  imply
Mil < 2XpgXjq —3x,+1 and 2 <

M,
2x;Xjq — 3%, +1 respectively. Since
(0,0) < (x1,0,%24) < (1,1) implies

(22) < (X0 + 2,324 +2)<(33) , we
obtain the result.

Theorem 4.17. Let f:ECR— R be a

(fl(xl,a'xz,a): fZ (xl,a:xz,a)) > (ﬁl,a' ﬁz,a)-

Theorem 4.19. Let f:fcﬁeﬁ be a
fuzzy function and (@, o) S E for some
If, for all a€ (0,1],

TER. a -cuts’

fuzzy function and (@, o) S E for some

aeR. If, for all a € (0,1], the a-cuts’
boundaries of f(x) tend to co as the a-
cuts’ boundaries of x approach oo, then
f(x) tends to oo as x approaches oo.

Theorem 4.18. Let f:ECR— R be a
fuzzy function and (@, o) S E for some
@€ER. Then f(X) tends to o as x
approaches oo iff for all a € (0,1], for all
B > 0, there exists K such that the a-cuts
[Kia Koq| OF K satisfy Ky o = Ky o() >
al,a'KZ,a = Kz,a (e) > az.a and
(100 X2,0) > (K100 K2) implies

(4.11)

boundaries of f(x) tend to —oo as the a-
cuts’ boundaries of x approach oo, then
f(x) tendsto —oo as x approaches oo.
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Theorem 4.20. Let f;f cR—R be a B > 0, there exists K such that the a-cuts
= [Kio K2o| OF K satisfy Ky, = Ky 4(e) >
1,00 K20 = Kz (e) > az,a and

(100 X2,0) > (K10, K2) implies

fuzzy function and (@,o0) € E for some

a€R. Then f(x) tends to —oo as X
approaches oo iff for all « € (0,1], for all

(f1(x1,a:x2,a)’f2 (xl,a'xz,a)) < (.81,0(':82,(1)- (4.12)

Remark 4.21. The fuzzy convergence in Theorem 4.18 is denoted as
T —limf(x) = o (4.13)
X—00

and the fuzzy convergence in Theorem 4.20 is denoted as

T — Eli_r)rolof(f) = —o0, (4.14)
Theorem 4.22. Let f:f (- ﬁ — ﬁ be a fuzzy function and (—o0,a) < E for some
fuzzy function and (—o,a) < E for some aE€ ﬁ. Then f(x) tends to —oo as x
g€ ]I:R If, for all « € (0,1], the «-cuts’ approaches —oo iff fi)r all a € (0,1], forall
boundaries of £(x) tend to —oo as the a- € >0, there exists K such that the a-cuts
cuts’ boundaries of x approach —oo, then (K1 Kze] Of K satisfy Ky o = K;q(e) <
f(x) tendsto —oo as x approaches —oo. a1.00 Kz2,0 = K3,0(€) <dazq and
Theorem 4.23. Let f.ECR— R be a (1.0 %2.0) < (KiaKae) implies
(f1(x1,a»x2,a):f2 (%100 Xz,a)) < (Brw Bza)- (4.15)

Theorem 4.24. Let f:Ecﬁ—)ﬁ be a Theorem 4.25. Let f:fcﬁaﬁ be a
fuzzy function and (—o,a) < f for some fuzzy function and (—o0,a) < E for some
Eeﬁ. If, for all a € (0,1], the a-cuts’ Eeﬁ. Then f(x) tends to o as x
boundaries of f(x) tend to oo as the a- approaches —oo iff forall a € (0,1], for all
cuts” boundaries of x approach —co, then € > 0, there exists K such that the a-cuts
f(x) tendsto o as x approaches —oo. [Kia Kze] of K satisfy K, = Ky () <

A0 Kza = Ko.a(€) < azq and

(100 X2,0) < (K100 K2) implies

(A0 X20) fo (1.0 %20) ) > (Buas Br)- (4.16)

Remark 4.26. The fuzzy convergence in Theorem 4.23 is denoted as

=T —_lim f(%) = —oo (4.17)
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and the fuzzy convergence in Theorem 4.25 is denoted as

T — _lim f(x) = .
X——00

5. CONCLUSION

The theory of fuzzy limits of fuzzy
functions has been estalished according to
Altai’s principle, and by applying the
Representation Theorem (i.e. Resolution
Principle) to run fuzzy
arithmetics. Moreover, the convergence of
the fuzzy function to its fuzzy limit has been
proven depending on the convergence of its
a -cuts’ boundaries to their limits for the
membership degree 0 < a, < a; < a < 1.

6. ACKNOWLEDGMENT
The author would like to thank everyone
who supported this research. He would also
like to extend his special thanks to the
referees for their valuable comments.

7. REFERENCES

Al-Tai, A. Q. A. (2010). On the fuzzy metric

spaces. European Journal of
Scientific Research. vol. 47, no. 2,
pp. 214-2209.

Al-Tai, A. Q. A. (2011). On the Fuzzy
Convergence. Journal of Applied
Mathematics. Hindawi Publishing
Corporation, ID 147130,
d0i:10.1155/2011/147130.

Burgin, M. (2000). Theory of fuzzy limits,
Fuzzy sets and systems, vol. 115, no.
3, pp. 433-443.

Burgin, M. (2006). Fuzzy Limits of
Functions. arXiv:math/0612676.

106

(4.18)

Chandra, S.,& Bector C. (2005). Fuzzy
Mathematical Programming and
Fuzzy Matrix Games, First Edition.
Berlin Heidelberg New York.
Germany.

Esi, A. (2006). On some new paranormed
sequence spaces of fuzzy numbers
defined by Orlicz functions and
statistical convergence,”
Mathematical Modeling and
Analysis, vol. 11, no. 4, pp. 379-388.

Kramosil, I.,& Michalek, J. (1975). Fuzzy
metric and statistical metric spaces.
Kybernetika, 336-344.

Kwon, J.S. (2003). On statistical and p-
Cesaro convergence of fuzzy
numbers. Journal of Computational
and Applied Mathematics, vol. 7, no.
1, pp. 757-764.

Matloka, M. (1986). Sequences of fuzzy
numbers. BUSEFAL, vol. 28, pp.
28-37.

Nanda, S. (1989). On sequences of fuzzy
numbers. Fuzzy Sets and Systems,
vol. 33, no. 1, pp. 123-126.

Naschie, E. (1998). On the uncertainty of
Cantorian geometry and two-slit
experiment. Chaos, Solutions and
Fractals, 9:517-29.

Zadeh, L. (1965). Fuzzy Sets : Information
and Control, 8, 338-353.



