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ABSTRACT. In this paper, a simple criterion is given for similar
and opposite orderings of real n-tuples.

ABSTRAK. Dalam kertas ini, suatu kriteria mudah diberi bagi
pentertiban berserupaan dan bertentangan rangkap-rangkap-n

nyata.

(similar/opposite orderings)

INTRODUCTION

In an inequality of Tchebychef [1, Theorem 43, p.
43] and also in an inequality of Hardy, Littlewood
and Pélya [1, Theorem 368, p. 261], the concept of
similar and opposite orderings is used. In [1, Theo-
rem 369, p. 262], Hardy, Littlewood and Pélya gave
a sufficient condition for a pair of n-vectors of real
numbers to be similarly ordered by means of rearr-
angements of n-tuples. In practice, it is obvious that
neither the conditfén of Hardy, Littlewood and Pélya
nor the very definition itself (see (3) below) can be
easily applied to checking for the similar or oppo-
site orderliness of a pair of real n-vectors. In this
paper, a simple and easily applicable necessary and
sufficient condition is given for two real n-tuples to
be similarly or oppositely ordered.

PRELIMINARIES

In the sequel, we let R* denote the set of all n-tuples
of real numbers. For any n-tuple x = (x,, Xpy ey X,)
€ R", we denote by x = (x", x",, .., x") and x" = (',
X'y, ..., ¥') the n-tuples whose components are res-
pectively those of x arranged in non-increasing and
non-decreasing order of magnitude. Moreover, if a,
b € R", then we write a ~ b to mean that the com-
ponents of a form a rearrangement of those of b.
Thus, a ~ b if and only if a* = b*. Furthermore, if a =
(a,a,,..a)~ b b,,...b)=bandifc=(cc,...c) €
R" is any constant vector, then it is clear that

nH a+c~b+c

ie,(a,+ca,+c,..,a +c)~(b +c, b, +c, ...,b,l +c).

Ifx, € R aren-tuples,i=1,2,..,m,let (%), X,
x,), be the (n, + n, + ... + n )-tuple whose compo-
nents are those of X, X,, ..., X . Then, if a~b,i=12,
..., m, it 1s obvious that

2  (@,a,.,a)~®,b,...b).

n-tuples (a,, a,, ..., @) and (b, b,
said to be similarly ordered if

..., b) in R" are
n

3 @-a)b,-b)20

for all i, j = 1,2, ..., n, and oppositely ordered if
the inequality (3) is always reversed.

A SIMPLE CRITERION

The following theorem gives a simple characteriza-
tion for a pair of n-tuples in R* to be similarly or
oppositely ordered.

THeEOREM Two n-tuples a and b in R* are similarly
(respectively oppositely) ordered if and only if a + b ~
a* + b* (respectively a+ b ~ a* + b’).

Proor To prove the sufficiency of the condition, sup-
pose that a + b ~ a* + b*. Then there exists a per-
mutation 7t of the integers 1,2, ..., n such that

(CY) am)+bm.)=ai+b,.

fori=1,2, ..., n. Now a, <a' and bm) < b’ and so
a,, =a’, and bm)* = b’ by virtu(:, of (4) with : =1.
But ther*l Gy £ @ and bﬂ@ < faz s0 a,, = a’, and
b, = b", in view of (4) again with i = 2. Clearly, the
same argument can be repeated in turn for [ = 3,4, ...,
n to conclude that Ay = a’;and b i = b*,i=12,..,n.
Thus a and b are similarly ordered since

@-a)b,-b)=(a’; ,-a"; )b, -b' >0

o (j)



where ¢ ="' denotes the inverse of T andi,j=12,...n.

To prove the necessity of the condition, suppose
that a and b are similarly ordered. Assume that the
sequence { a’}, @’y s a} is “constant” except for
the integers k, k,, ..., k  such that 1 <k, < k, < ...
<k <n,ie., a’,>a,>..> a’, and

1 2 m

* — * — —_ * * :
al—az—...—aklh‘>ak1, ifk <1
* * * * .
®)) @, >, = = a’ , ifk,<n
*® * * .
a’, =a’, . =..a forj=1,2,...,m-1.
kj kj+1 kj+1—1 J [

Now it is easy to see that there exists a permutation
7 of the integers 1,2, ..., n such that

*

a.,=a, fori=1,2,...,n.

Since a and b are similarly ordered, it follows from
(4) and (5) that

(6) b, >b

n(p)= "~ n(q)

m-3
for (p.g) € [{1, s Ky -1} X {ys o Ky -1 O [ r Ky

W

Y X (ks e Ky 1O Ty oo By 1 X Uy o ]

In view of (6), it is clear that if

b =(b, b

n(1)® 7 n(kl-l))’

b =

J

), j=2,..,mand

wkj)? bn(kj—l)

b €

I b))

m+l

then
b*1=(b*1,.. b*, ),

g I8

b= (', s s by, ) § =2 o m and

n

TGN )

Now let
* — * *
a =, ..a kl-l))’
* * *
a, = (a bt a b N ES 2, ..., m, and
* * *
a nm+l ( km? 7 a n)
Then

a+b~ (an(l)+ bm), ey Qi+ bﬂ(n))

=(a",+b

.
ety 0 @t b

n(n))

— * *
- (a 1+ bl s e @ m+1 + bm+1)

*
m+1 + b m+l)

(@, +b", .., a"
=a"+b’
by virtue of (1), (2) and 5).

The proof for the case that a and b are opposi-
tely ordered is similar.
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