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ABSTRACT

In this paper, we derive an explicit four stage fifth-order Improved Runge-Kutta (IRKD) method

for numerical integration of special third-order ordinary differential equation. The method proposed here is two-step
in nature and require less number of stages per step compared with the existing Runge-Kutta (RK) method. The
stability polynomial of the IRKD method is presented. Numerical results are given to illustrate the efficiency of the
proposed method compared to the RK method and direct Runge-Kutta (RKD) method for solving special third-order

ordinary differential equations.

(Keywords: Special third-order ordinary differential equations, Runge-Kutta method, IRKD method, Stability
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INTRODUCTION

In this article, we are concerned with the special third-
order ordinary differential equations (ODEs), which is
defined as follows:

y"(x) = f(xy) (1)

with initial conditions

y(x0) = Mo, ¥'(x0) =10, ¥"' (%)) = 1g-

where f:R X R — R is a continuous valued function
which does not contain the first derivative y'(x) and
second derivative y''(x). This type of problems often
arises in a variety of applied sciences and engineering
such as physics, molecular dynamics, the motion of
rocket, biology and chemistry. Traditionally, most
researchers solve the third-order ODE by transforming
it to a system of the first order ordinary differential
equations ODEs, then solve it using a suitable
numerical method (see [10, 11, 12, 13]). However,
Several researchers (see [3, 4]) observed the drawback
of this technique whereby it wasted a lot of computing
time and human effort. Therefore, direct integration
methods have attracted significant attention from
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several authors for solving third-order ODEs. For
instance, Awoyemi [1] constructed the P-stable
multistep collocation method to solve directly third-
order ODEs using constant step size. Suleiman [8]
presented a direct integration method to solve higher
order ODEs using variable step size codes. Awoyemi
and Idowu [2] derived the hybrid collocation method
for solving third order ordinary differential equations.
Waeleh et al. [5] presented the two point block method
to to solve third-order ODEs directly. Majid et al. [7]
introduced a block implicit method for directly solving
third-order ODEs using variable step size codes. This
paper primarily aims to derive a new improved Runge-
Kutta method, namely IRKD method to solve special
third-order ODEs directly.

THE GENERAL FORM OF IRKD METHOD

Motivated by the technique in Rabiei [9] for obtaining
the algebraic order equations for Runge-Kutta Nystrom
method, we derive the algebraic order conditions for the
IRKD method for solving special third-order ODEs
directly. Consequently, the general s —stages IRKD
method for solving (1) can be defined as follows:
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Yner = Yn+ 5 hyn = hyny + = hPyy

— 2Ry + R EE, b (ki — k), @)
Yna1 = Y+ 2 hyn = hyiy + R2EE, by (k= k_p),

)
Va1 = Yn' + h(b_1k_y + biky + X3, by (ki — k),

“
where
ki = f (o ), ®)
ki = f(Xp-1,¥n-1), (6)

ki = f(xn + Cih'yn + hCi}’ﬁ + %hzcizy;l’ +
+h3 Z§=1 al-j k]) (7)
k—i = f(xn—l + Cih' Yn-1 + hci + %hzcizyr’l’—l

+h3 Z?:l al-j k_]) (8)

All coefficients b;, bj,b;’,a;;, and ¢; of the IRKD
method are supposed to be real and for i =2,,,...,s
and j =1,2,..,s.

The IRKD method expression (2)-(8) is extended using
Taylor series expansion to obtain the coefficients of the
IRKD method. After doing some algebraic
simplifications, this expansion is equated to the true
solution which is presented by the Taylor series
expansion. As a result, the system of nonlinear
algebraic equations is obtained, which is denoted as
order conditions. The algebraic and numerical
calculations are carried out using the Maple package.
The IRKD method can be represented in Butcher
notation as follows:

DERIVATION OF FIFTH-ORDER IRKD
METHOD WITH FOUR STAGE

The general form of four-stage fifth-order IRKD
method has the following form
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Yner = Yn + Shyn — 5 ynoa + ShPy — SRy
+h3(by (ky — k_3) + b3 (ks — k_3)
+by (ks — k—4)) 9
Yna1 = Yo+ 3hy — 3 hyn_q + h2(by(k, — k_y)
+b5 (ks — k_3)+bi(ks — k_y)), (10)
Yn+1 =Y +h(b_sk_y + biky + by(k; —k_)
+b3(ks — k_3) + by(ky — k_4)), (1D
where
ki = f(xn ¥n),
k_y = f(Xn-1,Yn-1),
ko = f(xn + C2h, Yo + heayy + 5 R2cEyy!
+h*(az1ky) (12)
k_y = f(xp_1 + 2R, Y1 + heyyn 4 + %hzcﬁy,’l'_l
+h3(azk_y) (13)
ks = f(xn + c3h, ¥, + hesyn + ;hzcgy,’l'
+h3(as k, + aspky)), (14)
kg = f (Xnoy + s Ynoy + hesyhoy + 5 R2c3yi
+h3(az k_q + azyk_3)), (15)
ky = f(xn + cah,y + heyy', + %hchy,’l'
+h3(as k; + anky + aszks)),  (16)
k_y = f(xn_q +coh,yng + heyyn_ 1 + %hchy,’l’_l
+h3(ag k-1 + agrk_y + aszk_3)). (17)

By applying the Taylor series expansion on IRKD
method (9) - (17) we obtain the order conditions up to
order six as follows:

The order conditions for y:

order 4:

n 1
Lab =2, (18)
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order 5:
7 31
oble =2, (19)
order 6:
4 blct =~ (20)
=29 % = 60
The order conditions for y':
order 3:
4 bl == 21
Yie2bi =5, 2
order 4:
, 1
Shobic =1, (22)
order 5:
’ 31
;.l'=2 bici2 :% 5 (23)
order 6:
’ 1
?'=Z bi CiB = 5 5 (24)
, 1
i=abiay = . (25)
The order conditions for y'’:
order 1:
by —b_; =1, (26)
order 2:
b_i+Yi,b == 27)
order 3:
5
Z?:z bic; =3 (28)
order 4:
1
=g bicf =3 (29)
order 5:
31
Z?:z bicf =120’ (30)

174

31

Z?:zbiaij =720’ (31)

order 6:
Shobict =2 (32)
Yo biagc = 0 Yiabicay; = % (33)

To construct a four-stage fifth-order IRKD method, the
order conditions up to order five (18)-(19), (21)-(23)
and (26)-(31), which include 11 nonlinear equations
with 20 unknowns need to be solved. Therefore, the

resulting system has nine free parameters; setting
1 2 2 1
= — = - = - = —_ n =
2= BTy Ty =y @ d b 20

solving the system simultaneously yields a solution as
follows:

27 88 459 19 67
bl__ﬁl 2 _El b3 _E; b4_5; b—l__EJ
r i r_ 51 139 _ w_ 7
2 525" 73 7 200’ » by = 840’ by’ = 80’ » by = 240’

352 459 6611
A2 =~ gz G2t +m azq +m— Qg1 — Qy3.

As a results, we have four free parameters a,q, azq, @41
and a,; which can be chosen by minimizing the error
equations. According to Dormand et al. [14], the free
parameters can be selected by minimizing the global
error of the sixth-order conditions. The approach is
performed as follows:

Firstly: the error equations of y, y' and y" is
determined respectively as follows:
" ny+1 1(6
[ @1, = J5i GO (34)
! 1(6
@, = {27 @)’ (35)

le©l, = 2 )" (36)

Secondly: The global error norm is determined as
follows:

5”1,

\/an+1 17(6)) +an+1 7(6)) +an+1( (6)) (37)

Finally: minimize the global error in equation (37) with
respect to the free parameters a,q, a1, a4 and aus,
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Therefore, we obtain the free parameters as follows:

o = 367 o _ 13703 _ 20457
217 120344’ 31T 4171367 T4 T 17918
34752 . 41509
and a,3 = ——— Which leads to a4, = ——— and
45617 22428

then the error coefficients for
computed respectively as follows:

y, y' and y" are

[ ®]|, = 9.645061728 x 107*,
l'@]|, = 1.826131687 x 1072,
[c®@|, = 1.777263374 x 1072,
and the global error norm is
12$7]|, = 1789222008 x 1072

where 7/, t'® and t(® are the error equations of
sixth-order conditions for y, y' and y'' respectively.
Finally, the fifth-order IRKD method with four-stage
are written in Butcher tableau and denoted as IRKDS5
method as follows:

Table 1. Butcher Tableau of IRKDS5 Method

1 367
12 120344
2 13703
9 417136 32
2 20457 41509 34752
3 17918 22428 45617
67 27 88 459 19
40 40 25 200 20
2 51 139
525 200 840
7
20 80 240

STABILITY POLYNOMIAL OF IRKD METHOD

To obtain the stability polynomial of the IRKD method,
we can rewrite the IRKD method as follows:

3 ' 5 "
Yne1 = Yn + 2 hyn — Thyn_y + = h2yy — Z 2y,
+h3 Y5, bl (f(xp + c;h, Y;) —
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f(ner + b, Y_0),
Y1 = Yn + %hy/{ — 2 hyi,
+h2 Y5, bi (f (xp + c;h, Y;) —
f Qo1 + i, Y2),

Yn+1 = Yn +h(b_1Y_; +bY;

+h2¥5_, b; (f (x, + ;R Y;) —
f Qo1 + i, Y2)),
where
Y1 =Y,
Y1 = Yn-1

Y = yn + hiyn + > h2cty
+h3 Z 14 (f (xn + ¢;h, Y7)
Y i=Yn1theyn i+ ;hzcizyrlll—l
+h3 Y ay (f (g + b Y2)).
for i =2,3,...,8
We consider the following test equation

nr

y" ==y

(3%)

(39)

(40)

(41)
(42)

(43)

(44)

(45)

Now, applying the IRKD method (38)-(44) to the test

equation (45), which leads to

! ! 5 12}
Yn+1 = Yn +;hyn - _hYn 1 + hzyn - ﬁhzyn—l
TR T, —Ah (Y =Y.,  (46)
! r 3 n 1 rn
Yne1 =Yn t EhYn - Ehyn—l
+h2 TS, —Bb (=Y.,  (47)
Yn+1 =0 + h((—/13b_1)Y_1 + (_,13b1)y1
+ X, —Ah; (Y, — Y.y), (48)
where
Y, =y, + hcy, += hzc2 "+ h3 Z Ba;Y;, (49)
! 1 12}
Y =yp1theyn1+ Ehz I,Zyn 1
+h3 Z aU _i- (50)
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Multiplying equations (47) by h and (48) by h?, we get
hyni1 = hyn +2h%yy =SR2y + (=R X, by (Y, — Y_y), (51)
h2yyier = W2y + (=203 (b_1 Yy + byYy + i, b (Y; = Y2) (52)

The equations (46), (51) and (52) can be represented in the following matrix format

Yn+1 1 0 & -1 5 _>s Yn 0 0 by b .. p"
oo o 0% ol lo 0 6 o ~ o|/°] [
hynai| o 0o 1 o 2 —i|| hm 0 0 b, b ol | [ ].0
= i Tz ) —A3R3 2 D3 sy, | =Y.
| 1510 0 0 1 ¢ of M [TCP 0 0 0 o o[[1712] @
lhzy,’{H 00 0 0 1 0 [ h2yy; J b, b, b, by - b, \l? | ly J /
h2y,! lo o 0 o o 1] Ry, 0" 0 0o o0 o ol °
Also, the matrix format of equations (49) and (50) is defined as
0 0 0 0 0 07 y
o1 |10 0 0 o o ] [r o o 0 0719
12 o 2| [0 0 0 0 0]
Y 1 0 ¢ O c; 0 hv! Y
v, | = : A P T D A (54)
[ :ZJ 1 0 C3 0 EC_% 0 hyn—l asq aszq aso 0 0 [ :Zj
: . . . 2yn : : : - : : )
Ys : : ll };)?'1 Jl a a a a 0 Y
1 0 Cs 0 _CSZ 0 | h Yn-1 s1 s1 s2 ss—1
and
r0 1.0 0 0 07 y L 0 0 0 0
000 O0O0 O "
] 1| Y1 0 0 0 o of[0]
Y 4 01 0 ¢ 0 =c hv! Y 4
Y, |= : A R O N % (55)
2171001 0 ¢ 0 zc2|| hyna |a31 as; Qs 0 0| 2
: . L . 2yn : : : :
ly_SJ : - : hz)?} l OJ lY_SJ
_0 1 0 Cq 0 %C?_ h Yn-1 Qs1 Qs1 Qs Ass—1
After carrying out some algebraic manipulation, we obtain the final matrix as follows
Upsq = Pu, + HBY, (56)
Y = Cu, + HAY. (57)
where
[ 1 0 0 0 0 1 0 0 b)Yy by by
| O 0 0 0 0] [0 0 O 0 0 ]
a1 Az O 0 0 [0 0 b, b bl |
A= , B = 2 3 s d
az;  dz; A3z 0 0 | 0 0 0 O 0 | an
: : : lb_1 by b, b bSJ
As1 ds1 Qs ass—1 0 O 0 O o0 o0 O
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1 o0 2 1 5 _5% where [ is the identity matrix. Finally, substituting
2 2 12 12 .
00 0 0 0 0 (58) into (56), we get
3 1
p=(0 0 1 0 - =5} Upyy = (P + HB((I — HA)1C))uy,. (59)
0 0 O 1 0 0 ) )
0 0 O 0 1 0 Therefore, equation (59) can be written as
0 0 O 0 o0 1
Unt1 = W(H)un: (60)
Simplifying (57) we have,
where
Y = - HA) Cu,, (58)

14+ Hp"TP~¢, Hb""P7iC, (4 HD'"PC; — 1+HD'TPIC, Z+HbD'TPIC, —=+Hb'TPIC,
2 2 12 12

1 0 0 0 0 0 !
w) =| HbPTIC Hb'"P-'c, 1+Hb"PlCc; Hb'TPlC, 2+ Hb PTG — 4+ Hb'TPTIC 61)
0 0 1 0 0 0
| HpTPc, HbTP1C, HbTP-1C, HbTP1C, 1+ HbTP1C; HbTPC, |
L o 0 0 0 1 o |
Also where
Pl=(U-HA™ b'=[0 0 by b/1", b'=[0 0 b pJ", b=[0 0 b, .. b,
Cl = [0 1 1 1]T’ CZ = [_1 0 -1 _1]T’ C3 = [O 0 2 CS]TJ
T 1.2 1 " 1.2 21"
C,=[0 0 —c —c]", C5=[0 0 22 —cs] , Cé=[o 0 —1c2 ——cs] .
2 2
Thus, the stability polynomial associated with the IRKD method is defined by
o(¥,H) = det(yl — W (H)), (62)
where W (H) is given in (61) , the characteristic equation is written as follows
e, H) = qo(H)Y° + a1 (N)Y° + q(H)Y* + qs(Y* + g, (H)Y? + s (H)Y + q¢ (H). (63)

NUMERICAL RESULTS

To illustrate the numerical efficiency of the new
IRKD5 method, a set of problems is tested
numerically. The new IRKDS5 method is compared
with the well-known RK methods in the scientific
literature. In the numerical comparisons, we used the
criterion which is the test based on computing the
maximum global error (Log,o(Max Error)) versus the
computational effort measured by Log,q(Function
Evaluations) required by each problem as
demonstrated in Figures 1- 4. The methods chosen in
the numerical experiments are as follows:

e IRKDS: The fifth-order IRKD method with
four-stage constructed in this paper.

e RKS: The fifth-order Runge-Kutta method
given in Dormand et al. [14].

177

e RKDS5: The fifth-order RKD method with
three-stage defined by Mechee et al. [6].

Problem 1: The inhomogeneous linear problem given
in[15].
0<x<1

y"" =y +cos (x),
with initial condition,
y(0) =0, y'(0)=0, y"(0)=1.

The exact solution:

y(x) = %(e" — cos (x) — sin (x)).
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Problem 2:
y'"=—e* 0<x<1 - :
with initial condition, :
y©0) =1, y'(0) = -1, y"(0) = 1. 7
The exact solution: y(x) = e™*. :4
Problem 3: 1 . Lngi(l—‘unction Pvalustions) =
y"=(12x-8x%)y, 0<x<1 Figure 2. The efficiency graphs for Problem 2 with

h=1/2 i=2468.
with initial condition,

y(0) =1, y'(0) =0, y"(0) =—2.

2 4 . ‘
P — X —— IRKDS
The exact solution: : y(x) =e ™. -t
i —v—RKs ||
Problem 4: The nonlinear system 5 \
o gt ]
nr 1 1 §
=z+ - =
y Juz4z2  (fy+z? e
2
1 1 -2r
ZI” — _y+—__’
VuZ+zZ  (y+z? ‘
M, 1.5 > 2.5 3 3.5
1 1 Log ( Function Evaluations )
V' =z+——-——, 0<x<1 B
JuZ+z2  (Jy+z?

Figure 3. The efficiency graphs for Problem 3 with
with initial condition, h=1/2% i=246.8.

y(©0) =1, y'(0) =0, y"(0) = -1,

2(0)=0, z/(0)=1, z'(0) =0, | o L
u(@0) =1, w(0)=0, u"(0)=—1. J el

The exact solution: ,JE sh
y(x) = cos(x), z(x)=sin(x), u(x) = cos(x). S

. . L L L
1.4 1.6 1.8 2 22 24 2.6 28
Lngw( Funetion Evaluations )

’ ’m

ald —&— RKD5 |1
B oar Figure 4. The efficiency graphs for Problem 4 with
g 4 h=08/2!, i=0,123.
= -0

1 15 2 25 3 e
Lngm( Function Evaluations )

Figure 1. The efficiency graphs for Problem 1 with
h=1/2, i=2468.
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CONCLUSION

An improved Runge-Kutta IRKD method for direct
solution of special third-order ODE:s is constructed in
this paper. The order conditions for the IRKD method
were derived and based on the order conditions, we
have obtained the fifth-order IRKD method with
four-stage, denoted as IRKDS. The stability
polynomial of IRKD method is presented. Numerical
experiments are performed on several problems and
the numerical results show the robustness and
competency of the new IRKDS5 method when it is
compared with the RK5 method and direct RKDS5
method in terms of error accuracy and number of
function evaluations. For all problems IRKDS5
method gives the smallest error for the same number
of function evaluations followed by RKD5 and RK5
methods. Hence, it can be concluded that IRKDS5
method is the most efficient method compared to
RKDS5 method and RK5 method in solving special
third-order ODE:s.
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