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ABSTRACT

In this paper, we give some properties of subspace-disk transitive operators and use them to

characterize subspace-disk transitive bilateral weighted shifts in terms of their weight sequences. As a consequence,
we show that a bilateral weighted shift is subspace-disk transitive if and only if it satisfies the subspace-diskcyclic
criterion. Then, we give a much simpler condition for some other cases.
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INTRODUCTION

A bounded linear operator T on a separable Hilbert
space H is called hypercyclic if there exists a vector
X € H such that the orbit Orb(T,x) = {T"x:n > 0} is
dense in H. Such a vector x is called hypercyclic for T.

In 1969, Rolewicz provided the first example of a
hypercyclic operator on a Banach space [1]. In
particular, he showed that if B is the backward shift on
P(N) then AB is hypercyclic if and only if A has a

odulus greater than one. Based on this example the
supercyclicity notion was introduced by Hilden and
Wallen in 1974 [2]. An operator T is called supercyclic
if there exists a vector x € H such that the cone
generated by Orb(T, x) is dense in H, such a vector x is
called a supercyclic vector for T . For more information
about hypercyclicity and supercyclicity the reader may
refer to [3], [4].

Also based on the Rolewicz example, the diskcyclicity
concept was introduced by Zeana in 2002 [5]. An
operator T is called diskcyclic if there is a vector x € H
such that the disk orbit DOrb(T, x) (where D is closed
unit disk) is dense inH. Such a vector x is called
diskcyclic  forT. For more information about
diskcyclicity, see [6], [7].

In 2011, Madore and Martinez-Avendano [8] studied
the density of the orbit in a nontrivial subspace instead
of the whole space and called that phenomenon the
subspace-hypercyclicity. For the series of references on
subspaces-hypercyclic operators see [8], [9], [10], [11].

Similarly, Xian-Feng et al. [12] studied the subspace-
supercyclicity in a Hilbert space H that is the scaled
orbit of an operator T is dense in a subspace of H. Also,
in 2014, Bamerni and Kilicman [13] introduced the
subspace-diskcyclicity concept in a Hilbert space H that
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is the disk orbit of an operator T is dense in a subspace
of H.

In 1995, Salas [14] characterized weighted shift
operators that are hypercyclic or supercyclic. Moreover,
Feldman [15] found some simpler conditions for the
invertible weighted shift case. Also he showed that the
same conditions hold true for some weaker cases.

In 2015, Bamerni et al. [6] posed necessary and
sufficient conditions for bilateral weighted shift
operators to be diskcyclic which were originally
obtained by Zeana [5], and they showed that unilateral
weighted shifts are diskcyclic if and only if they are
hypercyclic.

In 2015, Bamerni and Kilicman [16] characterized all
weighted shifts operators that are subspace-transitive
for some subspaces.

It is unknown when the bilateral weighted shifts
operators could be subspace-diskcyclic. In section three
of this paper, we give some equivalent assertions to
subspace-disk transitivity. We use that results to obtain
necessary and sufficient conditions for bilateral
weighted shift operators on 12(Z) to be subspace-disk
transitive. More precisely, we show that a bilateral
weighted shift satisfies subspace-diskcyclic criterion if
and only if it satisfies some certain conditions.

Moreover, we give some simpler conditions
characterize the invertible bilateral weighted shifts that
are subspace-disk transitive. Finally, through Theorem
3.6, we show that a bilateral weighted shift with a
positive weight sequence {wy},ez W, = b >0 for all
n <0 is subspace-disk transitive if and only if the
same simpler conditions hold true.
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PRELIMINARIES

In this section, we will call some definitions and
hypotheses that we need during the next section. We
denote by H a complex Hilbert space and by B(H) the
set of all bounded linear operators onH. All subspaces
of H are assumed to be topologically closed.

Definition 2.1. [13] Let T be a bounded linear operator
on a Hilbert space H, and let M be a nontrivial closed
subspace of H. Then T is called subspace-disk
transitive (M-disk transitive) for M if for any two non-
empty relatively open sets U and V in M, there exist
n € N and a € U¢ (where U is open unit disk) such
that T™™ (aU) N V contains a non-empty relatively
open set G of M.

Theorem 2.2. [13] Every subspace-disk transitive
operator is subspace-diskcyclic for the same subspace.

Theorem 2.3 (Subspace-diskcyclic criterion). [13] Let
T € B (H) and M be a subspace of H. Suppose that
there is an increasing sequence of positive integers
{ny}, and there are two dense sets D; , D, € M such that
the following properties hold.

1) Foranyy € D, ,there is a sequence {x;} in

M such that ||x]| = O0andT™ x; — y;

2) |IT ™ xi |||lxkll = Oforallx € D; ;

3) T’ M € Mforallk € N.
Then T is an M-disk transitive operator.

Theorem 2.4. [16] Let T be an invertible bilateral
weighted shift, {n,} be a sequence of positive integers
such that ng > o as k - o and Mbe a closed
subspace such that T"k M < M. If there exists an

i€N such that T"ey, — 0 asng— oo, then
T™ e — 0 forallr €N.
MAIN RESULTS

First we will give some characterization of subspace-
disk transitive operators.

Proposition 3.1. Let T € B (H) and M be a non-trivial
closed subspace of H. Then the following assertions are
equivalent:

1) T is M-disk transitive,

2) For any two relatively open sets U and V in M,
there existsa € U°,n € Nsuchthat T ™™ (aU) NV
is nonempty and T" M € M.

3) For any two relatively open sets U and V inM, there
exists« € U°,n € NsuchthatT ™™ (aU) N Vis
nonempty and open in M.

Proof: (1) = (2): Let U and V be two nonempty open
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subsets of M, and let a, n and G be from Definition 2.1,
ie.G €T ™ (aU) N V is nonempty and open in M.
Then, T ™ (aU ) NV is nonempty. Since G C

T ™" (aU) it follows thatiT“G cUcM. Letx € M
and take x, € G. There exists r > 0 such that (xo +

rx) € G. Then, we get %Tnxo + i T'rx = éT“(xO +
rx) € iT“G c M.Since X, € G then iT“xo €

%T"G c M, it follows that ?:‘Tx € MandsoTx € M.

(2) = (3): Since T"|yy € B(M), then T ™ (aU) N M
is open in M for any U open subset of M. Since V. ¢ M
is open, it follows that T ™ (aU) N V is a nonempty
open set in M.

3) = (1) is obvious.

Proposition 3.2. Let T € B (H). The following
statements are equivalent:

1) T is M-disk transitive;

2) Forallx,y € M, there exist sequences {Xy} € M,
{ny } € N and {ay} € D\ {0} such that for
allk > 1, T™ M € Mandask — oo,
{xy} =» xand T™k apxy = y;

3) Foreachx,y € M and each neighborhood W for
zero in M, there existz € M,n € Nand o €
D\ {0}; suchthatx—z € W, T"az— yeW
and T"M € M.

Proof: (1) = (2): Letx,y € M. Forallk > 1, suppose
that By = B(x,1/k) and By = B(y, 1/k) are two
open balls inH, then A, = B, N Mand Ay =B, N M
are relatively open subsets of M . By Proposition 3.1,
there exist sequence {ny } € N, {x,} € Mand {A; } €
U€ such that forallk > 1,

Xk € T ™ ()\k i() ﬂAkandTnk M € M.

It follows that
1 ,
Xk € Ak and T "k (}\_Xk) € Ak
k
Then, by takingoy = }\i and kK — oo the desired result
k

follows.

(2) = (3): Follows immediately from part (2) by taking

z = Xy and ni = n for a large enough k € N.

(3) = (1): Let U and V be two nonempty open subset
of M. Let W be a neighborhood for zero, pick x € U
and € V,sothereexistz € M,n € Nanda €

D\ {0}; suchthatx —z € W, T" (az) —y € W
and T®M € M. It follows UN T ™ (iV) # @ which
proves (1), by Proposition 3.1.
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The next two Theorems give necessary and sufficient
conditions for a bilateral weighted shift operator on the
Hilbert space 12(Z) to be M-disk transitive. We will
suppose that

B = {ey :r €N}
is a Schauder basis for M, where m, € Z and

F={m:re€Ne, €B}.

Let T be the bilateral forward weighted shift operator
with a weigh sequence {wy},thenT (ey, ) =

Wp, €m,4+1 + 1forallr € N. The backward shift B is
the right inverse to T which is defined as follow.

Blem,) = W; em,—1 - Observe that TB (ey,, ) =

mp—1
em, forallr € N.If T is invertible then T™! = B,
Note that forallr € Nandk = 0, we have

mp+k-1

| | Wi | €m +k

j=mp

T*(em,) =

and

myr—k

1
[ & )ems

j=mp—1

B k(emr) =

Theorem 3.3. Let T be a bilateral forward weighted
shift in the Hilbert space 12(Z) with a positive weight
sequence {wy, },ez and M be a closed subspace of H,
then the following properties are equivalent:
1) T is M-disk transitive;
2) Forallq €N
a. limsup,_. min {Hﬂzl Wi —k: M; € F
and |m;| < q} = oo;
TR Wk
HE:lwmj—k '
F and |my;l, |m]-| < q} =0;
c. T"M c M.
3) T satisfies M-diskcyclic criterion.

m;, m; €

b. liminf,_ max{ i

j

Proof: (1) = (2): Assume that T is M-disk transitive.
Lety = z = Z|m]—|sq em; € M, then by Proposition
m]-EF
3.2, there existanx € M,ann > q,a € D\ {0} and
0 < €< 1 such that
T"M c M, 1)
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“X_Z” = X_Z|mj|5qemi <e (2)
ijF
and
laTx — yll = ||oaT" = T jeqem || <& 3
ijF

Inequality (2) implies that |xm]. [ > 1 — eif|mj| <
q and |Xm]. | < e otherwise. Since n > 2q inequality
(3) implies that for [m; | < q

n-1

oo 170 =t | ] o, <
k=0
It follows that
n-1 E __°
(Hk=° Wk"mi) < el led=6) T laf @

Where § = i Also inequality (3) implies that

||0(ij_n (T“emj_n) — em ” < € for |m]-| < q. Thus

n-1
| | ij—n+k -1
k=0

o [imy-n

n
= |af |Xm]-—n nwmj—k_l < e
k=1
Therefore
|O(| |ij—n (HE:l Wm]-—k) >1-e (5)
and hence
n _1ze Jlme 1
(Hk=1wmi‘k) > Z lale s ©)

|af |ij—n|

Now, since |a| < 1, then inequality (5) leads to

n n
(l—[ ij—k> > |(X| |Xm]-—n <1_[ ij—k>
k=1 k=1

>1-— e

Xmi—
|m]n

Thus,
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From equation (4) and equation (6), it follows that for
all lm; | < q,

Mk=5 Wk+m; € \?
———<(—) =8~ 8
HI]:=1Wm]-—k ( ) ( )

The proof follows by equation (1), (7) and (8).

(2) = (3): We will verify the M-diskcyclic criterion
with D = D; = D, € M consisting of all sequences
with finite support (sequences that only have a finite
number of nonzero entries) It is clear that D is dense in
M. By hypothesis, there exists a sequence of positive
integers {n, } - o such that T"» M € M andi,j € N
such that

. n
llmp—mo Hkil ij—k = (9)
and
np-1

p
Hk=0 Wmi+k _

lim, . 0 (10)

[ee] np
l_[kzl ij—k

Lety = X|m|<qYj€m; € D, then

n < ___r . | <
Byl < max {an — |m;| < q} lyll. @A

k=1 m]-—

Where B is the backward shift operator. From equation
(9), itis clear thatlim,_,. [[B"?y|| = 0. Moreover,
T"B"y = y . Now, let x = ¥ |<q Xi€m; € D, then

-1
722l < ma (L7 Wingae: Il < qf liell. (12)

Then from equations (11) and (12), we get

np—1
W,
k=0 m;+k
T 1By < max {— [y, |

k=1 Wm]-—k

< q} IxlyIl-

Since ||x||||y]| is constant, then equation (10) implies
that lim,,_,o, || T™x||||B"?y|| = 0. The proof follows by
taking x,, = B"»y.

(3) = (1): Follows from Theorem 2.3.
The next theorem characterizes invertible bilateral
forward weighted shifts that are subspace-disk

transitive, first we need the following lemma.

Lemma 3.4. Let T be an invertible bilateral weighted
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shift, {n;, } be a sequence of positive integers, n;, — oo
as k — oo and M be a closed subspace such
that T " M C M. If there exist i,j € N such that

||T"kemi|| ”Bnkemj” - 0 asn, — oo, then

||T"kemr|| ”B"kemp” — 0 forallr,p € N.

Proof: SinceT ™ M < M, the proof is similar to the
proof of [15, Lemma 3.3.].

Theorem 3.5. Let T be an invertible bilateral forward
weighted shift in the Hilbert space 12(Z) with a positive
weight sequence {w, },ez and M be a subspace of
12(Z), then T is M-disk transitive if and only if there
exists a sequence of positive integers {n,} — oo such
that T™ M < Mandi,j € N such that

ng
) 1
kllm =0
—00 Wo,._
s=1 mi=s
and
ng—1 ng
li ! 0
im | |Wm.+s =0.
k—oo J W, ._
s=0 s=1 TS

Proof: To prove the “if” part , we will verify the M-
diskcyclic criterion with D = D1 = D2 € M consisting
of all sequences with finite support, it is clear that D is
dense in M. Let x € D, then it suffices to show that

X =ep. andy = em, forsomer,p € N.
Furthermore, by Lemma 2.4 and Lemma 3.4 it suffices
to show that ||B”kemi|| — 0and

T™ep, || [|[B™*em.|| = 0 forsomei,j € N.Butthat
j i

is clear because

Nk

Imenll= [ [ o
m Wmi—s

s=1

and

T™e, || [|[B™en. || =
j i

(I35 i s) (T2, ) =

Wm;-s

Moreover it is clear that T"kB™y = y. By taking x; =
B™ky it is clear that the conditions of M-diskcyclic
criterion are satisfied.

The proof of the “only if” part follows from Theorem
3.3.
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It is known that a weighted shift operator is invertible if
and only if there exists b > 0 such that |w,,| = b for
alln € Z.

The next theorem shows that the assumption of
invertibility can be replaced by the assumption w,, =
b >0 foralln < 0.

Theorem 3.6. Let T be a bilateral forward weighted
shift in the Hilbert space 1(Z) with a positive weight
sequence {Wy }pez, Wy =b >0 foralln < 0 and M be
a subspace of 12(Z), then T is M-disk transitive if and
only if there exists a sequence of positive integers

{ng} — osuchthatT™ M € Mandi € N such that

m; = 0 and
ng
) 1
lim =0
k—oo . Wmi—s
and
ng—1 (%
li ! 0
im | | Wi 4s =0.
k—oo t Wh,._
s=0 s=1 TS

Proof: For the “if” part, we will verify Theorem 3.3. Let
€> 0,qg € Nandletd;,d, > 0 (to be determined
later), then there exist an arbitrary large n; and

i € N,m; = 0 such that

ng
| e
<6,

and (TTo%, Wml+s) <H?:1W"j__s)
C(13)

Letn = n, + m; + g + 1 (which ensure that
n+m, 21, + m;+ 1lforall|m,| < q).

By using Theorem 3.3, for allm,, € F with |m, | < ¢
we have

o "1 1
LT T
wog o LLowg o W_g

The first term of the above equation depends only on q ,
so we will let it a constant C;, the second term is less
than §; by Equation (13) and the last term is less than
(1/b)?9 . Therefore, we get

< (,6,(1/b)*1

s=1 mp—s
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Since C;(1/b)?4 depends only on g, we will choose &,
is small enough such that §; < (e,;h29)/C; and we get

n

1_[ 1 <
€1
me—s

s=1

Also, we have

1]
i
5:1 :
5
/\v
2
3
%
-

mi—1 ng+m;—1 n+mp-1 m;
1
= w, w, w,
] ) [[o )l 1] U 1] a7
s=mpy s=m; s=np+m; s=mp+1
ng+m; n+my
1 1
(L)
W_g W_g
s=m;+1 s=np+m;+1
By Equation (13), we get
] :
Wi, +s 1_[
P me—s
-1 n+mp—1 m;
[T ) TT w)( 115
< w, w,
s s W_g
s=mp s=np+m; s=mp+1
n+mp
1 1%
+ 1_[ 8, < GIT?|Cy (‘) 8,
w_g b
s=np+m;+1

Since C = G,||T?9||C;(1/b)?9 is a constant depends
only on g, then if we let §, is small enough, such that
8, < €,/C then for all m, € F with |m,, | < q,

n-1 n 1
( s=0 me+s) < s=1,, ) <€
mp—s

The proof of the “if”” part follows from Equation (14)
and Equation (15). The “only if” part follows
immediately from Theorem 3.3.

(15)

By the same way, we can characterize the subspace-
disk transitive backward weighted shifts since they are
unitarily equivalent to forward shifts.

Proposition 3.7. Let T be an invertible bilateral
backward weighted shift in the Hilbert space [ 2(Z)

with a positive weight sequence {wy,},c; and M be a
subspace of [ 2(Z) , then T is M-disk transitive if and
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only if there exists a sequence of positive integers
{ny} —» o suchthatT ™ M < M and
i,j € N such that

ngk
. 1
lim =0
k—oo o= Wini+s
and
ne—1 ng
m Wy, ._ = U.
k—eo s Wimi+s
s=0 s=1 t

Proposition 3.8. Let T be a bilateral backward weighted
shift in the Hilbert space 12(Z) with a positive weight
sequence {Wy, }pez, Wy = b >0 foralln <0 and M be
a subspace of 12(Z), then T is M-disk transitive if and
only if there exists a sequence of positive integers
{ng} > o suchthat T"™ M € M and i € N such that

m; = 0 and

Nk

) 1
kllm =0

s=1 ml+s

and
ne—1 ngk
im Wy —s =0.
k—oo ' Wini+s

s=0 s=1

We have seen that bilateral weighted shifts are
subspace-disk transitive if and only if some conditions
are satisfied. Hence, one may ask the following
question.

Question. Is there any bilateral weighted shift on 12(Z)
that is subspace-diskcyclic but not subspace-disk
transitive?

CONCLUSION

We have obtained that the bilateral weighted shift
operator on 12(Z) is subspace-disk transitive for some
subspaces of 12(Z)if and only if some certain
conditions are satisfied.
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