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ABSTRACT Let f=f(x,y) be a function of two variables. Let and let
2mif(x)

S(f3q) = Xxmoaqe 9 ,where the sum is taken over a complete set of residue modulo q. The value of S(f; q)
depends on the estimate of the cardinality |V| of the following set V = {(x,y)mod q |f,, f, = 0 mod q} where f,
and f,, are the partial derivative of f with respect to x and y. In this paper, we discuss the cardinality, |V| of the set
of solutions for congruence equations of some special binary forms. Firstly we need to obtain the p-adic sizes of
common zeros of the partial derivative polynomials by using Newton polyhedron technique. The polynomial that we

q be an integer

consider is in the form of f(x,y) = ax” + bx%y + cxy? + sx + ty + k.

(Keywords:p-adic order, Newton Polyhedron, Indicator diagram, Cardinality)

INTRODUCTION

In our introduction, let p be a prime. We use the
notations Z,, to denote the ring of p-adic integers, @y, is
the field of p-adic, Qp is the closure of @, and £, is to
denote the algebraically closed and a complete
extensions of the field Qp respectively. For a rational
number of x, we denote the p-adic size of x as ord,x,
we mean the highest power of p dividing x. A Newton
Polyhedron associated with a polynomial f(x,y) =
Zaijxiyj with the coefficient in €, is the lower
convex hull of the set of point (i, j, ord,a;;). It consists
of faces and edges on and above which lie the point
(i,j,ordya;;). The Newton Polyhedron technique was
extended and developed by [1] from the study of
Koblitz (1977). After that, [2] obtain p-adic orders of
common zeros of two polynomials in Qp[x,y] by
examining the combination of indicator diagram
associated with both polynomials obtained from the
partial derivatives off (x,y).

Estimation of N(f; p®)has been made by [3].Then, [4]
made the extension of estimation for such exponential
sums with fis a cubic polynomials with coefficient in
the ring Z. A method of estimating the p-adic order
sizes has been done by [5] where the polynomials is in
the form of quintic form. Estimation of p-adic size also
done by [6] associated with a cubic degree polynomials.
In the reference [7] the more involved case of degree
nine polynomials has already been published. By using
the same method, [8] has done the estimation on the
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cardinality of the set of solutions for the congruence
equation associated with a cubic form.

In this paper, we will find the cardinality to certain
degree seven polynomial. In order to determine the
cardinality, we have to find the p-adic size of zeros of
the polynomial byusing the Newton polyhedron
technique and analyzing the combination of the
indicator diagram.

RESULTS AND DISCUSSION

p-ADIC SIZES OF ZEROS OF A POLYNOMIAL

In this work, we discuss about the p-adic sizes of
common zeros of partial derivative polynomials
associated with a polynomial f(x,y) of degree seven in
zp[x,y] of the formf(x,y) = ax” + bx®y + cx5y? +
sx + ty + k. Then, we will find the cardinality of the
set of solutions to congruence equation of the
polynomials. We need the following definitions and
theorems developed by [1].

Definition 1 : (Newton Diagram)

Let f(x,y) = ¥ a;;x"y’be a polynomial of degree n in
Q,[x,y]. We map the terms T; = a;jx‘ylof f(x,y)to
the point P;; =a;;x'y’in the three-dimensional
Euclidean spaceR3. The set of points Pyjis defined as
the Newton diagram of f (x, y).
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Definition 2 : (Newton Polyhedron)

Let f(x,y) = ¥ a;;x'y’ be a polynomial of degree n in
Qp[x,y]. We map the terms T;; = a;;x'y’of f(x,y) to
the point P;; = a;jx'y/in the EuclideanspaceR®. The
Newton polyhedron of fis defined to be the lower
convex hull of the set S of points P, 0 <i,j <. It is
the highest convex connected surface which passes
through or below the points in S. If a;; = 0 for some

(i,/) then we take ord,a;; = .
Definition 3 : (Indicator Diagram)

Let (u;,4;,1) be the normalized upward-pointing
normals to the faces F;of N, of a polynomial f(x,y) in
Q,[x,y]. We map (u;, 4;, 1) to the point (u;, 4;) in the
x —y plane. If F. and F; are adjacent faces in N,
sharing a common edge, we construct the straight line
joining (-, A,) and (pg, Ag). If E. shares a common
edges with a vertical face F say ax + By = yin Nf, we
construct the straight line segment joining (-, 1,) and
the appropriate point at infinity that corresponds to the
normal F, that is the segment along a line with a slope
- a/B. We call the set of lines so obtained the Indicator
Diagram associated with N¢.

Theorem 1 Let p be a prime. Suppose f and g are
polynomials inZ,[x,y]. Let (u;, u) be a point of
intersection of the Indicator diagrams associated with f°
and g at the vertices or simple points of intersections.
Then there are ¢ and nin QIZ, satisfying f(§,n) =

g (§,m) = 0and ord,$ = g, ord,n = s.

From our investigation, we found that the p-adic size of
the polynomials at any point with the conditions of
ord,b? # ord,ac, that is for ord,b* > ord,ac and
ord,b? < ord,ac as in the following theorem :

Theorem 2 Let f(x,y) =ax’ + bx®y + cx®y? +
sx + ty + k be a polynomial in Q, with p >7 is a
prime. Let @ > 0, § = max{ord,a, ord,b, ord,c} and
(x0,¥0) in Q3. If ord,b? # ord,ac, ord,f,(xo, ¥o)s
ordy f, (X, y0) = a > 78, then there exists (¢,7) in sz,
such that £,.(§,17) = 0, f,,(§,m) = 0 and as follows :

ord, (& —xo) =
%(a— &) — & and
ord,(n —yo) 2
%(a— 38) — g5 or
ord,(n —yo) 2
%(a—45) — &5 or

ord, (& —xo) =
%(a —06)—¢&and
ord,(n —yo) 2
%(a —36) — g40r
ord,(n —yo) 2
%(a—46) — &, 0r
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ord,(n —yo) =

%(0{ —368) —350 —&
or

ord,(n —yo) =

%(0{ —46) —350 —&
or

ord,(n —y,) =

%(0{ —58) — g, or
ord,(n —y,) =

%(a —65) — g, 0r
ord,(n —yo) =

%(a —56) —zso — &
or

ord,(N = yo) 2

%(a —66) —zso — &

ordy, (1 = yo) 2
%(a —36) —gso — &g 0r

ordy, (1 = yo) 2
%(a —46) —gso — &g 0r

ord,(n —yo) =

%(a —58) —gor
ord,(n —yo) =

%(0{ —645) — & or
ord,(n —yo) =

%(0{ —56) —%eo — &g or

ordy,(n —yo) =2
%(0{ —66) —%eo — &5

for some €, &5, €, = 0 and €1, &3 > 0.

In order to prove Theorem 2, we need the results from
the following lemmas that can be proved easily.

Lemma 2.1 Let p > 7 be a prime, a, b and c in Zy and
A, A, are the zeros of k(A) = A%c? + bcd + 9b% —

35ac. Let
_ 3b+4c
~ 7a+A.b

_ 3b+a3c

a =
> 27 7a+A5b

1

i) If ord,b* > ord,ac, then ord,a; = ord,(a; —
a,) = %ordpi , ordy(a; + az) = ordpg for i =1,2
and ;

ii) If ord,b? < ord,ac, then ord,a; = ord,(a; —
a,) = ordpg ,ordy(a; + ay) = ordpifori =12

Throughout the following discussion, we used the

notations
3b+AiC

_ _ 3b+4;c
7a+2A1b

- 7a+2A;b

a a; (1
with A;,A, are the zeros of k(1) = A%c? + bcl +
9bh? — 35ac and a; # @, since A; * A,.

Lemma 2.2 Suppose (U,V) in Qf,. Let p>7 be a
prime, a,b and c are coefficients of a; and a, as in
Equation (1) in Z,,

i) If ord,b* > ord,ac, then ord,(a,V —a,U) =
ord,[V140ac — 35b%(U + V) + 5b(U — V)] —

ord,a,
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ii) If ord,b* < ordyac, then ord,(a,V —a,U) =
ord [\/140ac —35b2(U + V) +5b(U = V)] -
ord,—
C
Lemma 2.3 Suppose (x,y) in Q3and U = (X + x)° +

a (X +x)2(Y +v0), V=X+x)+a,(X +
x0)?(Y + y,) where a; and a, as Equation (1). Let
p > 7 be a prime, a,b and c are the coefficient of a,
and a; in Z,. Then,

2 2
ord,b* > ordyac ord,b* < ordyac

1 1
ord, (X + x¢) = §W ord, (X + xp) = §W

ordy, (Y + ¥,) ord L (Y + yo)

1 1 ch*
3 wW—-= ord PS or W pb6

ord (Y + yo)

1 1 c®
2§ W—Eordpﬁ—Zso

ord, (Y + yo)

>—
3

1 cb*
W — EOpo ? - 280

in an exceptional case with W = min{ord,V, ord,U}
and some &, = 0 which can be specified explicitly.

Proof. From U=(X+x)%+a;(X +x)%(Y +
vo)and V= (X +x0)° + ax(X +x0)*(Y +y0), Wwe
have
3 _ aV-ayU _ u-v

(X +x0)° = a—a; ’ ¥ +50) = (@1-az)(X+x0)?
Thus

1
ord, (X + xp) = 3 [ordp(oclV —a,U)

—ord,(a; — az)] 2
and
ord,(Y +y,) = ord,(U — V) — ord,(a; — a;)

— 2o0rd, (X + x) 3)

From (2) and (3), we will consider two conditions with
two cases for each conditions as follow:

CONDITION 1:0rd,b* > ordy,ac

In this condition, we will consider two cases. That is,
CASE I :0rd,,5b(U — V) # ord,V140ac — 35b2(U +
V)

CASE 11

:ord,,5b(U = V) = ord,V140ac — 35b%(U + V)
Now, we consider the Case 1. Since 07"d7[,b2 > ordyac,
p > 7 and by Lemmas (2.1) and (2.2), we have,
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ord,(X + xp) = [ord <\/ 140ac — 35b%2(U + V)

+5b(U + V)) —%ordpac].
Suppose
min{ord,5b(U — V), ordpmw +1)} =
ordp\/m (U + V). It follows that,

= —ord pV 140ac — 35b2(U + V)

——ord,
60T ac

ord, (X + xp) =

Since ord,b? > ord,ac, we will have :
1 1
ord, (X + xp) = §ordp wu+v)+ z ord,ac
~% ordyac.
That is,

1
ord,(X + xp) = gordp U+

It follows that
1
ord,(X + xp) = §W
where W = min{ord, U, ord,V}.

From definition of Uand V,

ord,(U +V) = ord,[2(X + x,)>
+ (g + @) (X + x0)*(Y + yo)]

From Equation (4)
ord,(X + x¢)® = ord,(U + V)

It can be shown that
ord, (X + xp) < ord,(a; + ay)(Y + y,).

Hence, from equation (3) we will have

1 c
ord,(Y +y,) = 5 [ord w-v)- ord vy

—2o0rd,(a; — az)].

That is,

1 1 cb*
ord, (Y + y,) 2 ord,(U—-V) — ord = | (5

Therefore, in this case, we have

1
Ordp(X + xo) = §W

and

ord

1
ordp(Y+yo)2§ W—E p?'

1 cb“]
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Now, we have to consider Case II. That is,

ord,5b(U — V) = ord,V140ac — 35b%(U + V).

Suppose
min{ord,5b(U — V), ord,V140ac — 35b2(U + V)} =
ord,V140ac — 35b2(U + V). It follows that,

1
ord, (X + xp) = §ordp\/ 140ac — 35b2(U + V)
1

~Z ordpac

Since ord,b? > ord,ac, we will have :
1 1
ord, (X + x5) = §ordp U+ + gordpac
1
~3 ordyac.
Therefore,

1
ord, (X + x) = §ordp W +Vv)6)

It follows that
1
ord, (X +xp) = §W
where W = min{ord, U, ord,V}.

Let
ordy,~/140ac — 35b2(U + V) = ord,,5b(U — V) = B.

Then, there exist k and [ such that,

ord,5b(U = V) = ordpka and
ord,V140ac — 35b2(U + V) = ord,p#1 with

ordyk = ord,l = 0.
From equation (3) and Lemma (2.1), we have
1 c
Opo(Y + yO) = Ordp(U _ V) _ Eo_r_dpa
2
3 ord,~/140ac — 35b2(U + V)
1
+5b(U — V)] + EOpoac
1 c
ord, (Y + y,) = ord, (U — V) — Eordp :
2 1
_ §ordp(p3k +pfl) + Eordpac
1 c 2
Ordp(Y +y) =0 — ord,b — Eordpa — EB

2 1
- §0rdp k+D+ §ordpac
Thus,
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1 2
ord,(Y +y,) = §ordp(U -V) - 3%
1 cb*

- g OT'dp ? (7)

where ord, (k + 1) = &,.

In this case, we have

1
ord, (X + xo) = §W

and

1 1 ch*
ord,(Y +y,) = 3 W — Eordp? —2¢

where W = min{ord,U, ord,V}.

CONDITION 2:0rd,b* < ord,ac

In this condition, we will consider two cases. That is,
CASEIII :

ord,5b(U — V) # ord,V140ac — 35b%(U + V)
CASE IV :
ord,5b(U — V) = ord,V140ac — 35b%(U + V)

By using similar process as CONDITION 1, we will
obtain :

For CASE III,
1
Opo(X + xo) = §W
and
1 1 cb
ord, (Y +y,) = 3 W - Eordpﬁ
For CASE 1V,
1
ord, (X + xp) = §W
and

1 1 c®
ord,(Y +y,) = 3 W - Eordp 5 2¢,

With W = min{ord,U, ord,V} and &, = 0 as asserted.

The following lemma gives explicit estimates of the p-
adic sizes of (X + x,) and (Y + y,) in U,V where U
and V as in Lemma (2.3). The proof utilizes the results
obtained above.

Lemma 2.4 Suppose (x,y) in QZand U = (X + x,)° +
a1 (X +x)2(Y + ), V=(X~+x)%+a,(X +

x0)2(Y + y,) where a; and a, as Equation (1). Let
p>7 be a prime, ab,c,s and tin Z, &=
max{ord,a, ord,b,ord,c} and ord,s,ord,t = a >
s+Aqt

1
6.1ford,U = -ord, and
2 7a+A1b
1 s+t
ord,V ==>ord
p 2 P 7a+).2b’
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then the results will be as follows :

2 2
ordpb > ordpac ordpb < ordpac

1
ord, (X +x5) = g(a —90)

Casel:ord,(Y +y,) = Case II :ord,, (Y + y,) =

=(a—38) or <(a—56)or
ord,(Y +y,) = ord, (Y +y,) =
= (a — 46) < (a - 66)

1
ord,(Y +y,) = g [ordp(s + A;it) — ord,(7a + A;b)

cb*
— OT'dp F .

By using the same argument as in Case A, we have as
shown below :

Case Il : ord,(Y +y,) =
%(0{ —36) —280 or
ord,(Y +y,) =

1 2
g((x—45) —580

Case IV :ord, (Y +
¥o) 2 (@ = 58) =S e
orord,(Y +y,) =

%(a —465) — 280

for some &5 = 0.

Proof. From Lemma (2.3), we have
1
ord, (X + xo) = §W
with W = min{ord, U, ord,V}.
It follows that
s+ /‘llt

1
Opo (X + XO) = E OT'dp m
i

fori = 1,2.

Then we have,

1
ord, (X + xp) = 3 [ordp(s + A;t) —ord,(7a + Aib)]

For both conditions, that is ordpb2 > ordyac and
ordpb2 < ordyac, we will have as in CASE A as
follows :

Case (i) Suppose min{ordps, ordplit} = ord,s and
min{ordp7a, ordp/lib} = ordp7aor

min{ordp7a, ordp/lib} = ord,A;b, we have

1
ord, (X + xo) = g(a - 0).

Case (ii) Suppose min{ordps, ordpxlit} = ordyA;t
and min{ordp7a, ordp/lib} = ord,7aor
min{ordp7a, ordp/lib} = ord,A;b, we obtain

1
ord, (X + x,) = g(a —6).

From Lemma (2.3), we have

1 s+ At ch*
OT'dp (Y + yO) = g OT'dp (m) - Opo ?

fori =1,2.

Then we have,
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ord,(Y +y0) 22 (a—38)  ordy(Y +y, 2 (a-

56)
ordy (Y +yo) Z<(a—48)  ordy(Y +y0) =3 (a -
65)

ordy(Y +yo) = ~(a—38) — 0rdp(Y +yo) 2

2 ° Z(a—56)—2¢

€0 6 370
ord, (Y +yo) = <(a —48) =  ordy(Y +y0) =3 (a -
geo 66) —%so

for some g, = 0 as asserted.

The following theorem gives the p-adic sizes of
common zeros of partial derivative polynomials
associated with a polynomial f(x, y)in Z,[x, y], in
terms of the coefficient of its dominant terms.

Proof of Theorem 2.

Proof. Let g = f and h = f,, and 4 be a constant. Then
at (X + xo,Y + y,), by completing the square, we have
the following :

(g + AR (X +x0,Y + y0)

(7a + Ab)
= [(X + x0)*
(3b + Ac)
(7a + Ab)
(s + At)

WZEYD)

(X +x0)*(Y + ¥0)]?

Now let
(3b + A4¢)

— 3
U=X+xy) +(7a+/11b)

X+ xo)z(y +¥0)(8)

(3b + 2,¢)

— 3
V=_0X+x) +(7a+/12b)

X+ xo)z(y +¥0)(9)
Then, we have
FU,V)=(g+Ah)X+x0,Y + y,)(10)

GUV)=(@g+1,MNX+x,,Y +y,)(11)
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Substitution of U and V into above equation, gives the
following polynomials in (U, V),

F(U,V) = (7a+ A,b)U? +s+ At (12)
GWU,V)=(7a+ 1,b)U? + 5 + A,t (13)

By using Definition 1 and 2, we will get the
combination of the indicator diagram associated with
the Newton polyhedron of (10) and (11), as shown in
Figure 1.

Vv

A
1 s+At

ord, U =-or

dp 2 dp7a+21b

(pe. f12)

1 S+At
ord,V =_or
- -t - ———— == dp 2 ip7a+ﬂ,b

v
<

Figure 1. The indicator diagram of F(U,V) = (7a+
MLD)U? + s+ At and G(U,V) = (7a + A,0)U? + 5 + A,t.

From Figure 1 and by Theorem (1), there exists (U, V)
in QF such that F(U,V)=0, G(U,V)=0 and

s+A4t
L and
P 7a+2.b

ordy,U = py, ord,V = pu, with y; = ord

= or S+t
Ha2 = P 7a+2,b"

Let U = Uand V = V. Thus, there exist (X + %,,Y +
Pp) in sz, such that

ﬁ = (X + fo)g + al()? + 20)3(? + yo)
and
P=(2+%) +a(X+%) (7 +9)

More specifically, (X + %o, ¥ + ) are given by
1

P a,V — a0\
(X +x0) = <—a1 — az )
and
(7 +9,) u-v
Yo) = 5 -
(a; — az)(X + xo)

with @, = 231 o = 30%4C 04 24, 4, are the zeros

1 7a+)11b’ 2 7a+2A;b L2

of k(1) = 2%c? + bcA+ 9b%? — 35ac, and a; # a,
since A; # 4,.

Thus, from Lemma (2.4), we want to find ordp)? and
ordpf’. Therefore, we will consider 2 cases.

219

i) ord,X # ord,%,
ijord,X = ord,%,
Considering ord,X # ord,%,.

By the properties of
ord,(X + %,) = min{ord,X, ord,%,},

it means that
ord,(X + %) = min{ord,X, ord,%,} + &

for some & > 0.

i) Suppose min = ord,X, then
. 1
ord,X +¢& = g(a —-0)

.1
ord,X = g(a -6)—&

ii) Suppose min = ord,%,, then
1
ord,Xy +& = g(a —-6)
that is

.1
ord,X = g(a —0) — €.

Considering ord,X = ord,X,.

P

i) Suppose ordp)? = ord,%, = w, then let
X=p“m,  ordym=0
Xy = p“n, ord,n =20

Thus
ord,(X + %,) = ord,(p®m + p“n)
= w + ord,(m + n)
Let ord,(m + n) = &,, we have,

- 1
ordp(X+3?0) =w+e, Zg(a—S)

That is
. 1
ord,X = Z (a — 8)—e,.

In order to find ord, Y, we have to consider 2 cases for
P ~ 1

ordp(Y +9) = - (@ —36) or

ord, (Y + 9,) = %(a — 46)

i) ord,Y # ord,9,

i) ord,¥ = ord, 9,

both equations

The first cases is in which ordpf’ # ord,J,.
By the ord, (Y + 9,) =
min{ord,¥, ord,¥,}, means that

same properties of
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ord, (Y + 9,) = min{ord, ¥, ord,9,} + &
for some &5 > 0.

By using the similar method of finding ordp)? and by
Lemma (2.4), we will have ordp}7 are as follows :

i) Suppose min = ord,,¥, then

.1
ord,Y = g(a —36) — &

or
.1
ord,Y = g(a —46) — &
or
.1
ord,Y = g(a —36) — &,
or

.1
ord,Y = g(a —46) — ¢,

From all cases that we have considered in Lemma
(2.4) and suppose § =X + %, and n =¥ + J,, then
the results are shown in Table 1 as follows:

ord,(§ — x,) =
%(a —6)— & and

ord,(§ — xy) =
%(a —§)— & and

ord,(n — yo) =
%(a— 38) — & or

ord,(n —yo) =
%(a —38)— ¢, or

ord,(n — yo) =
%(a—46) — &g or

ord,(n —yo) =
%(a —48) — g, or

ord,(m —y,) =

%(a—36) —260 — & or

ord,(n —y,) =

1 2
g(a—35)—550—€4

or

ord,(n —y,) =

1 2
E(a—46) — €& — & or

ord,(n —y,) =

1 2
E(a—46)—§£0—£4

or

ord,(n —yo) 2
%(a —58) — g or

ord,(n —yo) 2
%(0{ —58)—¢g,or

ord, (1 —yo) 2
%(a— 68) — &5 or

ord,(n — yo) 2
%(0{ —65) — g, or

ord,(n — y,) =

1 2
g(a— 56) — € —&or

ord,(n — yo) =

1 2
g(a—56)—§so—e4

or

ord,(n — y,) =

1 2
g(a—66) — € — €3

ord,(n — yo) =

1 2
g(a—66)—§so—e4

for some €, €,,&, = 0 and g1, &3 > 0.

By back substitution in (12) and (13), we would have

g&mn) =fi(&n) =0and h(§,n) = £,(§,m) = 0.
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Estimation of N(g, h; p%)

Let p be a prime and g(x,y) and h(x,y) are
polynomials in @, [x,y] and (§;,7;) are common zeros
of g and h. Let « >0 and H;(a) denote the set
{(6,y) = Qf : ord, (x = &), ordy, (y —1m;) =

max; {ordp (x = &), ord,(y —

nl-)}ordpg(x, y),ord,h(x,y) = a }. By using the
method of Loxton and Smith (1982), we can show the
value of N(g, h; p®*) which can be derived from the
sizes of ord,(x —¢&;) and ord,(y —n;) with (x,y) €
H;(a) for two-variables polynomials as shown by
[11,[2]. We state the theorem as follows:

Theorem 3.Let p be a prime and g(x,y), h(x,y) are
polynomials in Q,[x,y]. Let & >0, (§;,n;), i =0 be
common Zeros of g and h,
yi(a) = infxEHi(a){Ordp(x - {i)x Ordp (y - 771)}
where H(a) =VU; H;(a). If a>y;(a), then
N(g,h;p®) < 5 p*( @71,

The next theorem will give the estimate of the
cardinality N(g, h; p®) associated with a polynomial

f(,y) in Qylx, y].

Theorem 4.Let f(x,y) =ax’ + bx%y + cx°y? +
sx +ty + k be a polynomials in Q,[x,y] with p > 7
with p is a prime. Suppose a > 0 and ordpb2 *
ord,ac. Let§ = max{ordpa, ord,b, ordpc}, then
2a i
p if a<d
N(fo fpra) = {36p125+8£0+12q lf a>6

for some €j, g = 0 where g = max{es, €4}
Proof. Clearly, we have N(fy, f,; p%) < p*%ifa < §.

Now, suppose @ > §. From Theorem (3), we obtain
N(fe fyip®) < ) pHen(@)
i

withy; (@) = infy e oy {ord, (x — &), ord, (y — 1)}
where H(a) =U; H;(a).

From Table 1 and by Theorem 2, we are considering
the minimum value of ord,(n — J,) so that we will

obtain the upper bound of N(f;, f,; p*) < p*“ that is,

1 2
Ordp(n —3o) = g(“ —66) _550 —q
as such
a—6y;(a) <65 +4¢, + 64.

for €5, q = 0 where ¢ = max{es, &4}
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By a Theorem of Bezout, the number of common zeros
does not exceed the product of the degrees of f, and f,,.

Therefore,
N(fx'fy; pa) < 36p126+8£0+12q
ifa > 6 for £y, q = 0 where ¢ = max{es, &,}.

Thus, by considering all cases, we have

2a .
p if a<d
N(fx'fy;pa) = {36p126+8£0+12q if a>8

for some €,,q = 0 where ¢ = max{eg, ,} as asserted.

CONCLUSION

This cardinality can be used to find the estimation of
exponential sums associated with a polynomial of
degree seven.
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