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ABSTRACT  Consider a sequence of independent, identically distributed random variables from a
common distribution Q. Suppose that there are & rare events associated with @, for example events
involving the k sample moments. Then the dominant rate at which the probability of the intersection of
the k events converges to zero can be expressed as the relative entropy of a certain distribution and §.
Conpsidering the intersection of the & events as a function of @in a k-dimensional Fuclidean space, we
shall show that the dominant rate of convergence is convex in @ . This result is the consequence of the
convex property of a certain function associated with the dominant rate of convergence which shall be
shown.

ABSTRAK Pertimbangkan satu jujukan pembolehubah rawak yang tertabur secara secaman dan tak
bersandar daripada satu taburan sepunya (). Katalah terdapat k peristiwa kejarangan yang bersekutu

dengan 0, misalnya peristiwa-peristiwa yang melibatkan k momen sample. Maka kadar dominant yang -

mana kebarangkalian persilangan & peristiwa menumpu kepada sifar boleh diungkapkan sebagai entropi
relatif bagi sesuatu taburan dan (. Dengan mempertimbangkan persilangan % peristiwa sebagai satu
fungsi @ dalam ruang Euklidan berdimensi &, kami akan tunjukkan bahawa kadar penumpuan dominant
adalah cembung dalam @ . Hasil ini adalah akibat sifat kecembungan sesuatu fungsi lain yang bersekutu
dengan kadar penumpuan dominant yang akan ditunjukkan.

(Convex property, dominant rate of convergence, large deviation theory, relative entropy)

INTRODUCTION example, if gj(Xi):Xir for some j and

Let X, X,,..,X, be a sequence of integer # 2 1, then the jth event

independent, identically distributed random "
variables from a discrete distribution O(x). , 1 Z X 7 > a .
Consider & linearly independent functions of X, n ' Y

namely g,{X),g,(X),...,g,(X) and define

i=1

1 & represents the #th sample moment larger than the
kevents Y — Z g, ( X ; ) > o (o constant & ;. We are interested in the probability
n

i=1 of |
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associated with these functions, where
&y, 0y,...,0, do not depend on n. For
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where (X, >EQ(Xr). In general, we arc

interested in the probability of the intersection of
the k rare events, namely,

1¢ .
Pl‘{;Zgj(/Yi)zaj forj=12,...k}.
i=1
This probability is equivalent to

Pe > P. (g, (M 2a, forj=12,. .,k ,

where PX . is the type of

X' =X\ Xy, X,) md Pn (X) 5

"the relative frequency of x in x”. for x in the

alphabet of X. The evaluation of this probability,
denoted by (Q"(E), is done by defining a
convex set of probability distributions

E:{P:ZP(x)gj(x) >a,, j= 1,2,...,/(:}
(1)

Then by Sanov’s Theorem [1] [2],

[O) asn— o,

)

lIOgQ"(_E) — —D(P"
1)

where D(- || -) denotes the relative entropy of
two probability distributions, P is the
distribution that minimizes {2 || Q) over all P
in E. By using the method of Lagrange
multipliers [1], the distribution P’ is shown to
be .

-

« iijé’j(-’f)
P (x)=cQ(x)2" @

where the normalizing constant

. _
Z g 0x)

c=1> 0(x)2"

Ay Ay,en, A, are positive solutians (o

2P g () =a,, j-12.. k.

ifaj>EQ[gj(X)], F=L2, 0k and

logarithms are to base 2. For large #,
~nd (PO
Q" (E)y= 2" o (h

and hence D(P" || Q) is the dominant rate ¢
convergence of ()" (E) t00.In this paper. w.
shall assume that @ = (a,,a,,...,a,) is .
variable and consider D(P" Q) as a functio:
of ¢r. We shall show that D(P" || Q) is .
convex function of ¢ . In a previous paper (3]

we have studied the properties of D(P” | O) as
a function of the scalar ¢

MAIN RESULTS

Theorem
Let g, (x), g,(x),....g, (X) be k linearly
independent functions of x and

E:{P: ZP(x)gj (D=a, j=12,.. .A/fft-

xed

be a convex set of probability distributions.
where 4 is the alphabet set of the random

variable X. For O ¢ E | let

I3
D g,

B () =cQn)2”

forxe A
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be the distribution that minimizes D(P || Q) Then, i

over all Pek, where .

A= (A (a), A, (ax),..., A, (&) is the solution ® i i

to the k equations Z Ay(a)g,(x) I
h(2) =log| > O(x)2" 5

D PWg,M=a, j=12.. .k xed

xeA

the normalizing constant . )
is convex in A .

r -1 .. o
4 (@), () ®
= Z Q(x)ZJ':l D ( P a* ” Q ) is convex in ¢ .
xeAd _
Proof |
@
> jtag (o) |
> Q(x)g,(x)27" |
oh >
= k = o i
‘ a/ll Z;{'j(a)gj(x)
> 0 (x)2 "
@ |
| and, . : i
d%h
| =), (8 (g, (01 By, (DIE [, (X)) !
i J : :
{L for i=12,....k; j=12,...,k. (8)
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0%h
04,064, ‘
where X is the covariance matrix of the random aqu: || @ __kz h 6/1] _I_"‘Za/’i31
vector g(X) = g,(X),g,(X),..., g, (X)) aa; = —o, 60@ . 180.’,
and X has the distribution P . Since = 4

8t and from (7),

3754 is  positive  semidefinite,

L . oD(F, | Q) _ .
therefore A(A) is convexin A . p ~=4 fori=12,..
.

. . L, (x) i
@iy DOF, 10) ZZP& (x)log .
x Q(x) From (9), the function D (P @ || Q) is

convex in & if and only if, for any @, and &,,

The Hessian [ J of #(A) is (In2)Z, and hence,

% +4

Sk @o)

k
= ZP; (x){logc + Zﬂj (a)g; (x)}
. D, | Q)~DE, | D 2D, | O, @ ~a1)
k
=-h(k)+ 2, A,(a)a,
j=1
©)

This is equivalent to:

h(ﬂl)—h(ﬂg)+Z/”tj(%)aj(2)—2%(04)aj y

L aD(P,
>y =l2 g@-a0]

{ o=

where &, = (@, (i), &, (i)....,a, (1)) }(,71)_}(}2)22@(2)%(@)—4(0’2)]

and

A :(/i’l(ai)b/l?,(ai)?"'Dik(ai)) k &l .
for i =1,2 . From/(7) and (10}, this reduces to :Z‘g%— [/1;(01)"_2[(%)] |
: = A=

| -V, (h=A).
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Hence D(P) || Q) is convex in @& if and only
if A(A) is convex in A . The result in (i) implies
that D(P, || Q) is convex in & .
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