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ABSTRACT Let S represents the class of functions fwhich are analytic and univalent in the unit disc
D={z:|z|<1} with f@)=z+ i a,z" We denote B to be the class of Bazilevi¢ functions which to date

n=2
forms the largest subclass of S. In this paper we introduce the class B} (a, ), a subclass of B and give
some interesting properties for this class, in particular results concerning iterated integral operators.

ABSTRAK Katakan S melambangkan kelas fungsi f yang analisis dan univalen pada cakera unit
D={z:|z|<I} dengan f(;)—, +i“ a z" - Diketahui bahawa B yang mewakili kelas fungsi Bazilevi¢

n=2
merupakan subkelas terbesar S. Kelas B} (a, #) diperkenalkan serta dibincangkan beberapa ciri menarik
mengenai kelas ini, khususnya operator pengamir yang terlelar.

(univalent functions, Bazilevi¢ functions, iterated integral operators)

INTRODUCTION for any zeD, geS'(0) and p satisfies the

conditions p(0)=1 and Re p(z)>0 (ze€ D).

Let 4 denote the class of functions f analytic in (Powers in (1) are principal values). In 1955,

the unit disc D={z:|z|<1}with Bazilevié [1] showed that the class B consisting
f(2)=2+ia,,z" and S, a subclass of 4 which  of Bazilevi¢ functions forms a subclass of S.

"= Amongst others, Sheil-Small [11] and
consists of functions univalent in D. Pommerenke [8] looked into this class B. For

0 =0, the subclass B(n) of B is obtained and

A function f e 4 is said to be starlike of order putting g(z) = z, we have the subclass B (a).

B ifand only if for ze D Zamorski [15], Thomas [13] and Singh [12]
looked into B(a) to obtain interesting properties

Re zf'(z) > B on it. In the same paper, Singh [loc. cit.] also

f(2) “"gives results on the class B,(a). Other authors

which also considered these and other sub¢lasses
for some B (0< g <1). We denote such a class of B includes Obradovic and Owa [6], [7],

by S'(8). This class was introduced by Thomas [14] and Halim [2].
Robertson [9] and studied further by others

including SChlld [10] and Jack [5] From (1), it easily follows that f [=3 B(a) if, and
only if

A function f € A is said to be Bazilevi¢ of type R zf'(2) J (zeD)>

a, §if a and & are any real numbers with o > 0 f(2)* g(z)"

and f'has the following representation
and thus f e B, (a), if, and only if

7@ =(t@ri) [ pogr*a)” (

e%]>0 (ze D)
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We now extend the class B (a) to B(a,p) as
follows:

Definition 1.1: Let fe 4. f € B/(«, f) if, and
only if
l—a
w2500

o )P e

forg>0and 0< g <1.

Further, we introduce a new subclass of B via the
following definition:

Definition 1.2: Let f e 4. Then fe B}(a,p)
if, and only if
LA = (1= A)z* + Ah(2)]" (ze D)

for some fixed constant 4 with 0 < A <1 and 4
belongs to B,(a, ).

Remark. normalized and

feBl@p) s
B, (a, )= B/(a, ).

2. Iterated Integral Operator

The best estimate for the lower bound of

Re([_(z_))a was established for fe Bl(a) by the
z

author and Thomas [4]. This result was further
used in obtaining estimates for the real part of
some iterated integral operators. In using the
same approach we now extend these results to
Bl(a,p)-

zeD, a>-1 and
define the iterated integral operator

Definition 2.1: For
n= 1,2,3,..-5

I, as
+1 ¢,
1,@=5F [, 0d @
where [,(z) = (f(2)/2)*

Theorem 2.1. Let feB'(a,f)
=re’’ e D. Thenforn>0,

nd

fool

Rel,(2)20,(r)>0,0) ()

o iy ?//}«f .
;’ . . - . .
. ..
.
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and o, (r)<1
where

g,(r)= p ‘o, (p)dp for n=123,...

and
oy(r) = (1= )1 -+ 2D [ e [ )dp+ﬂ

Equality is attained for f,, defined by

a Z a- (l—t)(l_ﬂ) .
1 (z):ajot (W+(1-A+p)jdt

To prove the above Theorem, we require the
following Lemma.

Lemma 2.1[3]. Let F,, be defined as given

below

a+1

r,(n= ey , P P, (p)dp for n=123,...

and

(= ﬂ)L [Hp)dp.

Then for fixed 7 (0<r <1) and n2>1,
L. (r) <L, ().

Proof (Theorem 2.1). We use induction to prove
the theorem. First, consider the case n=0. For

feBl(a,p), heB, (a, B) such that

Re(—f(—z)) 1/1+,1R(h(z))
z z

Thus, using the results in [3], i.e. for e B/(a,f)
with z = re'®

Re(ﬁ(Z_))“ e pa_l(a—ﬂ)(l—p) . "’J"p’

z r 1+p

we obtain



Malaysian Journal of Science 20: 99-102 (2001)

Rel, ()2 1- ,1+’1"‘L “'[(l '1"?(; ”) ,B}dp

=1+24a(l- ﬂ)i%
=0,(r).

Elementary calculations will show that
o,(D<a,(r) <1 for 0<p<r<l. Next, from

(2) with ¢ = pe',

Rel,, (z) = Re{% e, (t)dt}
z

a+l
—T f P Rel,(pe)dp

a+1
ST f pio,(p)dp

= O—n+l (r )’
where by induction the first inequality in (3) is
established.

For n>1, the series

any
o, () =1+24a(l- ﬂ)(l-"a)”z(j_—{-a;(j;-)i-aﬁ)_"

is absolutely convergent and writing it is as
follows

U r rz
o) =1-2Adl-p)l+a) ((1+a)(2+a z (2+a)(3+a)”)

| rJ r4
~Adl-Aa ((3+a)(4+a)" (4+w)<5+a>"]+
=1-24al-A)l+a) X(r,0)
where
® (-1 *
Xtr0)= T r ]
CACk-T+ )@l (ko)1)

shows that o, (<l

Finally, we show o, () > o, (1) . Noting
that o, (1) = (1~ B)Y1=A)+ B + AT, (r)
for n=0,,2,3,... and using Lemma 2.1, we
then have for a fixed r, o, <o, ).
Also, since

101

ro,(r)=1+a)o, (r)~c (1]
this shows ‘that for a fixed n2>1, ro '(r)<0

mdlcatmg a decreasing function o ,(r). This
completes the proof of the Theorem 2.1.

3. Other Properties

In this section we list other properties of the
class B} (a, B).

Theorem 3.1. B}(a, 8) < B/(a, ) -

Proof. For any f e Bi(a, ), 3he B(a,p)
such that [f(z)]* = (1- 1)z° + A[h(2)]" .

Differentiating w.r.t: z and further multiplying
with 2% gives

2 f () f1(2) = 2 a1 - )z
+27 Aafh(2)]* " H (2)

Re[z'_‘l(i)] 1A+ ARe[Z_“L(Zl]

f@" h(z)"™
>1-A+ A8
>p

f € B(a,p)

Theorem 3.2. If feBl(a,f) then the
function g given as [g(2)]"** = z*[f(z)]" for
420 belongto Bl (e + p, p).

 Proof. For 4> 0, and since f € Bl (a,p) we

have
[g@1*™ =" [f (D)
=z {(1- A)z" + A[h(2)]*}

=(1-2)z** + Az* h(2)]*
for some he B (a, ). Obradovic and Owa in
{7] proved that for 4 >0,

he B\(a,f) = z*[h(2)]" € B(a+ 1, )

thus this means g e B} (a + 1, 8).
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