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note on the generalised Lomax distributioi}/ as a lifetime model
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he behaviour of the hazard rate of the generalised Lomax distribution is examined. The hazard
rer decreasing or upside-down bathtub shaped. An example of a goodness-of-fit to lifetime data

erangai kadar mudarat taburan am Lomax dikaji. Mudarat adalah menurun atau berbentuk tab
balik. Satu contoh data goodness-of-fit ke masa hayat diberikan.
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Let f{x) denote the failure time pdf. The
hazard rate function is defined as

h(x) = fix)/R(x)

where R(x),= Pr(X>x) is the reliability (survival)
function. The GL has a decreasing hazard rate
function (DLIR) for v > 1, and this function is
upside-down bathtub (UBT) shaped for v > 1.
UBT-shaped hazard rate functions. are found in
situations like accelerated life testing. Two well-
known lifetime models, the lognormal and
inverse-Gaussian [7], have a UBT-shaped hazard
rate function. The following result of Glaser [8]
will be used to prove that the GL distribution has
a UBT-shaped hazard rate.

Assume that the failure time pdf f{¥) is
defined, positive, continuous and twice

differentiable on (0, «©). Let

gO)=Vh(®)

g =gm@-1

where n(¢) = - ()AY).
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Theorem [8]. Suppose there exists £, > 0 such
that

n’(6) > 0forallt e (0, ), N’ (%) =0

and
1n’(f) <0 for all £ > ¢,
(1.3)

(i) If there exists yo> 0 such that g’(y,) = 0,
then A(¢) is UBT shaped.

(i) If there does not exists y, > 0 such that
2’ (o) = 0, then A(r) is DHR.

Instead of using (i) and (ii) in the above
theorem, the following modified approach may
be employed ([8], p. 669):

Suppose L = limf(¥) exists and equals 0 or cc.

@ If (1.3) holds and L =
UBT shaped.

(i) If (1.3) holds and L =
DHR.

0, then A(Y) is

o, then A(f) is

An application of the GL distribution to
reliability data is considered. A comparison of
the hazard rates of the GL and inverse Gaussian
distributions for this data set is given.

Hazard rate of the Generalized Lomax
Distribution

The gamma distribution with shape
parameter v < 1 is DHR. Since the mixture of a
DIIR distribution is again DHR [9], the GL
distribution given as a mixed gamma by (1.2) is
a DHR distribution. When v > 1, the GL
distribution has a hazard rate that increases and
then decreases (upside-down bathtub shaped).

Theorem. The generalized Lomax distribution
with pdf (1.1) has a hazard rate that is upside-
down bathtub shaped for v > 1.

Proof. Letv > 1. To prove the theorem, we use

the results of Glaser given in the introduction.
Consider

n(x) =+ ()/fx) and 1’ (x) = dn(x)/dx.
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For the GL distribution,

n@) = [x(a+v)—(x+B)(v - DI/x(x +B),

@) =[x+ BY(v - 1) - (a + vV [x(x +B)]°

If there exists xq > 0 such that n’(x) > 0 for all x
€ (0, xp), n’(xp) = 0 and n’(x) < 0 for all x > x,

and lim f{x) = 0, then f{x) has a upside-down
bathtub-shaped hazard rate.

Take xo= BV(v - 1Y/[N(at + V) - (v - 1)] with
o>0,v>1.
Then n’(x) > 0 in (0, xp), 7’ (x0) =0 and 1’ (x) <0
in (xp, ). Furthermore, limfx) = 0. The
conclusion follows.
An application to data analysis

The GL distribution is fitted to the repair
time (hours) data for an airborne communication

transceiver [10], p. 156: 0.2, 0.3, 0.5, 0.5, 0.5,
0.5,0.6,0.6,0.7,0.7,0.7,0.8 ,0.8, 1.0, 1.0, 1.0,

1.0, 1.1, 1.3, 1.5, 1.5, 1.5, 1.5, 2.0, 2.0, 2.2, 2.5,

2.7,3.0,3.0,33,3.3, 40, 4.0, 4.5, 47, 5.0, 5.4,
54,7.0,7.5,8.8,9.0, 10.3,22.0, 24.5.

Maximum likelihood (ML) estimation of the
GL parameters is carried by using the numerical
minimization routine NELMIN [11,12]. The
random starting point procedure has been used to
ensure with a fairly high probability that the
global maximum is attained. The estimates (B, a,
v) corresponding to the largest function value for
these different starting points are chosen as the
ML estimates. The ML estimates are found to be
B, a, v) = (0.45, 1.38, 4.47). The normalized
frequency curve obtained from the histogram of
the data and the ML estimate of the GL pdf are
plotted as shown in Figure 1. The GL
distribution appears to fit the data well. As a
comparison with the inverse Gaussian
distribution, which also has an UBT-shaped
hazard rate, Figure 2 gives the plot of the hazard
rates for the two distributions. There is
considerable overlap between the two curves.
This implies that the GL distribution is a good
alternative to the inverse Gaussian in fitting
lifetime data.
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