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ABSTRACT We give a simple proof of a result of Laffey and Loewy concerning linear mappings on n x n matrices over an infinite field that preserve singular matrices as well as its extension to finite fields with at least n + 1 elements.
ABSTRAK Kami memberi suatu bukti mudah bagi suatu hasil Laffey dan Loewy berkenaan pemetaan linear pada matriksmatriks jenis n x n terhadap suatu medan tak finit yang mengekalkan matriks singular dan perluasannya ke medan-medan finit dengan sekurang-kurangnya n + 1 unsur.
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INTRODUCTION
Let M (F) be the vector space of all n x n matrices over a field F. Let T be a linear mapping on M (F). In [4], Frobenius characterised those T that preserves the determinant when F is the complex field. In [3],
Dieudonne generalized Frobenius' result by showing
that if T preserves singular matrices and T is nonsingular, then PAQ or T(A) = PAQ for some nonsingular matrice§ P and Q. Using some facts from
commutative algebra, Botta [1] showed that if F is
algebraically closed and T preserves singular matrices, then either T is nonsingular or 1m T consists of singular matrices. Recently Laffey and Loewy [5] extended Botta's result to infinite fields. The aim of this note is to give an alternative simple proof which is valid for fields with at least n + 1 elements.
RESULTS
THEOREM. Let T be a linear mapping on M (F) that preserve singular matrices. If IFI > n, then one of the following holds:
(a) T(A) = PAQ or T(A) = PAQ for some nonsingular matrices P and Q;
(b) [image: image1]1m T consists of singular matrices.
Proof. Suppose that (b) does not hold. Then there exists a nonsingular matrix X such that T(X) is nonsingular.
Since the linear mapping S on M (F) defined by
S(A) = U2 T(UI AVI)V2
where Up U2, Vp V are fixed n x n nonsingular matrices, also preserves singular matrices, we may assume that T(I) = I where I is the identity matrix. Hence every eigenvalue in F of a matrix Z is an eigenvalue of T(Z). We shall show that T is nonsingular. Suppose the contrary that T(A) = O for some nonzero matrix A. Using the rational canonical form of A, we may assume that either
(i) A = diag (a[image: image2.jpg]
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in F and C in M (F) where r 2.
In case (i), let B = diag(-a b bn 1) where -ap b b are n distinct nonzero elements in F. In case (ii), let B = B O B be an n x n lower triangular matrix with n nonzero distinct diagonal elements where B e M (F) and the last two rows of Bl are
(1
1, 0) and (b + ar —a
b + a —ar p b) with b 
1.
In both cases, A + B is singular, but T(A+B) = T(B) has n distinct nonzero eigenvalues since B has n distinct nonzero eigenvalues, a contradiction. Hence T is nonsingular and T has the form (a) by Dieudonne's theorem.
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